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MENH BE. TAP HOP

. TAP HOP

Chuong nay cting c8, md rong hiéu biét cta hoc sinh vé

Li thuyét tap hop da duoc hoc ¢ cac 6p dudi ; cung cap cac
kién thiic ban dau vé logic va cac khai niém

6 gan ding, sai s6 tao co s& dé hoc tap 6t cac chuong
sau ; hinh thanh cho hoc sinh kh& néng suy luan c6 li, kha
néng tiép nhan, biéu dat cac van dé mot cach chinh xéc.

MENH BE




MENH PE

I - MENH PE. MENH PE CHUA BIEN

1. Ménh dé

Diing hay sai? o« Mevgua !
o Phan -si-pang b ngomniic. | | Chi ai, maiy giv 180 ?
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Nhin vao hai bic tranh & trén, hay doc va so sanh cac cau & bén trai va bén phai.

AT

Céc cau & ben trdi 12 nhiing khng dinh ¢6 tinh déing hodc sai, cdn cée
cau & ben phai khong thé n6i 1a ding hay sai. Cde cau & bén tréi 1 nhimg

ménh dé, cdn céc cau & bén phai khong 1 nhimg menh dé.

MG6i ménh dé phdi hodc diing hodic sai.
Mot ménh dé khong thé vita diing, via sai.

;4
RNéu vi du vé nhiing cau fa ménh dé va nhing cau khong la ménh dé.
2. Ménh dé chita bién

Xét cau "n chia hét cho 3",

Ta chua khing dinh duge tinh ddng sai clia cau ndy. Tuy nhién, v6i mdi gid
tri ctia n thudc tap s6 nguyén, cau nay cho ta mot ménh dé. Ching han



V6i n = 4 ta duge ménh dé "4 chia hét cho 3" (sai).

Vi n= 15 ta duge ménh dé "15 chia hét cho 3" (ding).

Xétcau "2 +n=5"
Ciing nhu trén, ta thdy véi mbi gid a n thude tap s6 nguyén ta duge

mot ménh dé. Ching han

Vi n=11taduge ménh dé "2 + 1= 5" (sai).

Vi n =3 ta duge ménh dé "2 + 3 = 5" (déng).

Hai cau trén la nhiig vi dy vé ménh @é chita bién.

3
)%xé‘ cau "x > 3". Hay tim hai gi tri thyc cla x d& ti cau da cho, nhan duge mot
ménh d8 diing va mét ménh dé sai

11 - PHU BINH CUA MOT MENH BE

N
<

Vi dy 1. Nam v Minh tranh ludn vé lodi doi.
Nam n6i "Doi 1a mot loai chim”.

Minh phii dinh "Doi khong phii 1a mot
lodi chim”.

DéE phi dinh mot ménh dé, ta thém (hoac
b6t) tr "khong" (hodic "khong phai”) vao
trude vi ngit clia ménh dé d6.

Ki hiéu ménh dé phii dinh ciia
ménh dé P 1P, ta cé

P diing khi P sai.

P sai khi P ding.

Vidu2
P:"31amot
P: "3 khong phai 1a mot s6 nguyén 16"
Q: "7 khong chia hét cho 5" ;

0:"7 chia hét cho 5".

0 nguyén 16" ;




4
ﬁHﬁy phii dinh cac ménh dé sau.
P "xlamot s6 hi ti";
©:"Téng hai canh ciia mét tam gi4c I6n hon canh thit ba"
Xét tinh ding sai cia cAc ménh dé trén va ménh dé phd dinh ciia chung.

111 - MENH PE KEO THEO

Vi du 3. Ai cing bi¢t "Néu Tréi Dit
khong ¢6 nude thi khong ¢ sy sdng".
Cau néi trén 1a mot ménh dé dang "Néu
P thi Q", & day P 1a menh dé "Tréi Dit
khong ¢6 nuéc”, Q Ia menh dé "(Tréi
Dit) khong c6 sy song".

|| Ménh dé "Néu P thi Q" dicge goi la ménh dé kéo theo, va
ki higu la P => Q.
Menh dé P = Q cdn duge phat bidu Ia "P kéo theo Q" hoic "Tix P suy ra Q"
5
Tir cac ménh dé
P 1 "Gi6 mua Déng Béc v&"
0 - "Tréi tr& lanh”
hay phat bidu ménh dé P = Q.
I Ménh dé P = Q chi sai khi P diing va Q sai.
Nhu viy, ta chi cdn xét tinh déng sai ciia ménh dé P = Q khi P ding.
Khi d6, néu Q ding thi P = Q ding, néu Q sai thi P = Q sai.
Vidu4
Menh dé "3 < -2 = (-3)> < (-2)" sai.
Ménh dé "y/3 <2 =3 < 4" diing.
Cic dinh If todn hoe 13 nhiing ménh dé déng va thudng ¢6 dang P = Q.
Khi d6 ta n6i
P la gid thiét, Q la két ludn ciia dinh Ii, hodc
P 14 diéu kién dii dé 6 Q, hodc
Q la diéu kién cdn dé c6 P.




6
Rchc tam gi4c ABC. Tif cac ménh dé
P :"Tam gidc ABC c6 hai géc bang 60
Q : "ABC la mot tam giac déu".
Hay phat biéu dinh li P = Q. Néu gia thiét, két luan va phat bidu lai dinh Ii nay duéi
dang diéu kién can, diéu kién di.

1V - MENH PE DAO - HAI MENH PE TUONG PUONG

% 7
Cho tam giac ABC. Xét cac ménh dé dang P = Q sau
a) N&u ABC la mot tam giac déu thi ABC 1a mét tam giac can.
b) Néu ABC Ia mét tam gidc déu thi ABC Ia mét tam gidc can va cd mét gbc bang 60°.
Hay phét bidu cac ménh dé @ = P tuong (ing va xét tinh dung sai ciia ching.
I Ménn dé 0 = P awcoe goi la ménh @é ddo ciia ménh dé p = 0.
Meénh dé dio ciia mot ménh dé diing khong nhat thict 1a ding.
Néit cd hai ménh dé P => Q va Q = P déu diing ta néi P va Q la
hai ménh dé twong duong.
Khi d6 ta ki hiéu P <> Q va doc la
P titong duong Q. hodc
P a diéu kién cdn va dii dé' c6 Q, hodc
P khi va chi khi Q.
Vi du 5. a) Tam gifc ABC can va c6 mot g6e 60° 12 diéu kién cdn va da dé
tam gifc ABC déu.
b) Mot tam gidic 1A tam gidic vuong khi va chi khi n6 c6 mot géc bang téng hai
g6c con lai.

v - Kf HIEU v VA 3

Vi du 6. Cau "Binh ph
mot ménh dé. C6 thé v

Vxe R:

ong clia moi s6 th
ménh dé nay nhu

2>0hays*>0,Vxe R.

¢ déu 16n hon hogc bang 0" 1a

Ki hi¢u ¥/ doc la "véi moi".



8
RF‘hét biéu thanh 16i ménh dé sau
VneZin+l>n
Ménh dé nay ding hay sai ?
Vi du 7. Cau "C6 mot s6 nguyén nhd hon 0" 1a mot ménh dé. C6 thé viet
ménh dé nay nhu sau
dne Z:n<0.
Ki hi¢u 3 doc la "cé mot” (t6n tai mot) hay "c6 it nhdt mor"
(t6n tai it nhdt mot).

9
%Phét biéu thanh I6i ménh dé sau
e Z:

Ménh dé nay dang hay sai ?

Vidu8

Nam néi "Moi s6 thyc déu 6 binh phuong khéc 1".

Minh phit dinh "Khong diing. C6 mot s6 thyc ma binh phuong cita n bing 1,

ching han s6 1"

Nhu vay, phit dinh cia ménh dé
P:'Vxe R

1a menh dé

P:"IxeR:

10
RHéy phét biéu ménh dé phii dinh clia ménh dé sau
P : "Moi dong vat déu di chuyén duoc".
Vidu 9
Nam n6i "C6 mot s6 ty nhi¢n 7 ma 21 = 1".
Minh phin béc "Khong ddng. V6i moi s6 ty nhien n, déu ¢6 2n # 1.
Nhu vy, phit dinh cita ménh dé
P:"Ine N :2n=1"



1a menh dé

P:"VneN:2nz1"

% 1
Hay phét biéu ménh dé pht dinh cia ménh dé sau
P :"C6 mot hoc sinh ciia I6p khong thich hoc mon Toan".
Bai tap
1. Trong cdc cau sau, cau ndo 12 ménh dé, cau ndo 1a menh dé chia bicn ?
)3+2=7; b)4+x=

Oxty>1; dy2-+5<0.

2. Xét tinh ding sai clia méi ménh d¢ sau vd pht bidu ménh d& phi dinh
clia né.
a) 1794 chia hét cho 3 ; b) V2 1a mot
Omn<315; dy |-125 < 0.

3. Cho cde m¢nh dé kéo theo

Néu a va b ciing chia hét cho ¢ thi @ + b chia hét cho ¢ (a, b, ¢ Ia nhimg
6 nguyén).

Chc 56 nguyen c6 tan cing bang 0 déu chia hét cho 5.

Tam gidc can ¢ hai dudng trung tuyén bing nhau.

Hai tam gific bing nhau c6 dién tich

a) Hily phit biéu ménh dé dao ctia mdi ménh dé trén.

b) Phét biéu m&i ménh dé trén, bing cdch sir dung khdi niém "diéu kién da".

¢) Phit biéu mdi ménh dé trén, bang céch sir dung khéi niém "didu kién cin".
4. Phdt bidu mdi ménh dé sau, bing céch sir dung khéi ni¢m "diéu ki¢n cin

vadi”

) MOt s ¢6 t6ng céc chif s6 chia hét cho 9 thi chia hét cho 9 va nguoe lai.

b) Mot hinh binh hanh ¢6 ce dudng chéo vuong géc 1d mot hinh thoi vi

nguge lai.

¢) Phuong trinh bac hai ¢6 hai nghi¢m phan bi¢t khi va chi khi bi¢t thic
ctia n6 duong.



5. Ding ki hiéu V, 3 dé viét cdc menh dé sau
a) Moi 56 nhan véi 1 déu bing chinh n6 ;
b) C6 mot s6 cong véi chinh né bing 0 ;
©) Moi 56 cong v6i 56 di cita né déu bing 0.
6. Phat bidu thanh 151 m&i ménh dé sau va xét tinh déng sai cita né

WVre R:>0; bneN:n'=n;
OVne N :n<2n; DIreR:xel
X
7. Lap m¢nh dé phit dinh ciia mi menh dé sau v xét tinh diing sai ciia n6
a) ¥n e N :nchia hét cho n; b)Ire Q :12P=2;
OVre R:ix<x+l; dIre R :3x=x"+1.

ﬁ 2& TAP HOP

I - KHAI NIEM TAP HOP

1. Tap hgp va phan tir

1
RNéu Vi du vé tap hop.

Dung céc ki hiéu e va ¢ dé viét cac ménh dé sau.

a) 314 mot s6 nguyén ; b) V2 khéng phéi la s6 hitu ti

Tap hop (con goi I tap) 1a mot khdi niém co ban cia todn hoc, khong
dinh nghia.

Gi sir da cho tap hop A. D& chi a 1a mot phén tir cita tap hop A, ta vidt a € A
(doc 1 a thuge A). Dé chi a khong phai 1a mot phin tif clia tap hop A, ta viét
a & A (doc 1 a khong thugc A).

2. Cach xac dinh tap hop

2
Liét ké cac phan tif clia tap hop céc u6c nguyén duong cia 30.

10



Khi liét ké cdc phdn tir cia mot tap hop, ta viét cdc phin tir ctia n6 trong

hai ddu mée {........}, vidu A = {1,2,3
Ra
Tap hop B cac nghiém ciia phuong trinh 2:° — 5x + 3 = 0 dugc viét la

B=(ve R I2%-5x+3=0)
Hay liét ké cac phan tir cla tap hop B.

5,6, 10, 15, 30}.

Mot tap hop c6 thé duge xdc dinh bing cdch chi ra tinh chat
cée phan tir ciia nb.

trung cho

iy ta c6 thé xdc di
1g mot trong hai c
a) Liét ké cdc phan tit ciia né ;

b) Chi ra tinh chdt ddic trung cho
cdcc phdn tit ciia né.

h-mot tap hop
h sau

b

Ngudi ta thudng minh hoa tap hop bang mot hinh
phiing duge bao quanh bdi mot dudmg kin, goi I
bi¢u d6 Ven nhu hinh 1.

3. Tap hgp réng Hinh 1

4
J RHéy liét ké cac phan tt cta tap hop
A=fre RIS +x+1=0).

Phuong trinh x° + x + 1 = 0 khong c6 nghiém. Ta néi tap hop céc nghiem
clia phuong trinh nay 13 tdp hop réng.

|| Tdp hop réng. ki hiéula @, la tdp hop khong chita phin ni no.

Ncu A khong phai 13 tap hop rng thi A chita it nhat mot phé
AzD e IvixeA

11 - TAP HOP CON

5
Rﬂléu dé minh hoa trong hinh 2 néi gi vé quan hé giita tap
hop cac s6 nguyén Z va tap hop cac 6 hiw ti Q ? Co Q
thé néi méi s6 nguyén la mot s6 hitu ti hay khong ? il
inh 2



Néu moi phan tit ciia tap hop A déu la phan tit ciia tip hop B
thi ta néi A la mot tép hop con ciia B va viét A < B (doc la A
chita trong B).

Thay cho A © B, ta ciing viét B A (doc 1a B chita A hogc B bao ham A)
(h.3a). Nhu viy

AcBo (VxixeA=>xeB).
| ‘

a)
Hinh 3

Néu A khong phai I mot tap con clia B, ta viét A  B. (h.3b).
Ta c6 cdc tinh chdt sau
a) A © A véi moi tdp hop A ; @
b) NéuAcBvaBc CthiAcC (hd); 5
&

©) @ < A véi moi tdp hop A.

Hinh 4

111 - TAP HOP BANG NHAU

6
Rxét hai tap hop

A=(ne N |nlabdiciadvac)

B={ne N |nlabdicial2)
Hay kiém tra cac két luan sau
a)AcB; b)BCA.

| Khi A < B va B A ta ndi tdp hgp A bing tdp hop B va viét la
A=B.
Nhu vay
A=Bo (VrixeAoxeB).



1.

2.

3.

Bai tap

a) ChoA = {x &€ N | x <20 vi x chia hét cho 3}.
Hiy li¢t ké céc phan tir ciia tap hop A.
b) Cho tap hgp B = {2, 6, 12, 20, 30}.
Hiy xéic dinh B bing cch chi ra mot tinh chdt dac g cho céc phén tir cita né.
¢) Hiy li¢t ké cc phan tir ciia tap hgp cdc hoc sinh 16p em cao du6i 1m60.
Trong hai gp hop A va B dui day, tap hop nao Ia tap con ciia gp hop con lai ?
Hai tap hgp A va B c6 bang nhau khong ?
) A Ia tap hgp céc hinh vuong

B 1A tap hop cdc hinh thoi.
b)A = {ne N|nlmot usc chung ciia 24 va 30}

B={ne N|nlamotudc ciia 6}.
Tim tat ca céc tp con ca tap hop sau
a) A={ab);

b) B={0,1,2}.

CAC PHEP TOAN TAP HOP

I - GIAO CUA HAI TAP HGP

A

1
Cho
A={ne N |nlaudecia 12)
B={ne N |nlauécca 18).
a) Liét ké cac phantircla A va clia B ;
b) Liét k& cac phan tir clia tap hop € cac uéc chung ciia 12 va 18.
Tdp hop C gom cdc phdn tit vita thuoe A, vita thuge B duge
20i la giao ciia A va B.
13



Ki hi¢u C = A A B (phdn gach
chéo trong hinh 5). Vay

/
AAB=(x|xeAvixeB) /

xeANB&
x€B.

11 - HOP CUA HAI TAP HOP

2

RGié sif A, B I4n lugt a tap hop cac hoc sinh gidi Toan, gidi Vain ciia 6p 10E. Biét
Minh, Nam, Lan, Hong, Nguyét) ;

Cuang, Lan, Diing, Héng, Tuyét, Lé).

(Céc hoc sinh trong I6p khéng triing tén nhau.)

Goi € 1a tap hop d6i tuyén thi hoc sinh gidi cta I6p gém cac ban gidi Toan hozic
gidi Vain. Hay xac dinh tap hop C.

Tdp hop C gom cdc phan tit thuge A
hodc thue B dicge goi la hop ciia A
va B.

Ki hi¢u C = A U B (phan gach
chéo trong hinh 6). Vay
AUB={x|xeAhoicxe B)
xeA
xeB.

xeAUBo

AUB
Hinh 6

111 - HIEU VA PHAN BU CUA HAI TAP HOP

3
RGI@ sittap hop A c4c hoc sinh gidi cia I6p 10E 1a
A = {An, Minh, Bdo, Cudng, Vinh, Hoa, Lan, Tué, Quy}
Tap hop B c4c hoc sinh cia t8 1 16p 10E Ia
B=(An, Hing, Tuan, Vinh, L&, Tam, Tué, Quy}.
Xéc dinh tap hop C cac hoc sinh gidi clia I6p 10E khong thudc t6 1

Tdp hop C gom cdc phdn ti thupe A nhung khong thuje B goi
|| la hi¢u ciia A va B.



4.

Ki hieu C = A\ B (phan gach
chéo trong hinh 7). Vay
A\B={x|xeAvaxeB)
xeA

xeA\B &
xé&B.

Khi B < A thi A\B goi 1 phan
bix ciia B trong A, ki hi¢u CoB
(phén gach chéo trong hinh ).

Bai tap Hinh 8
Ki hi¢u 212 tap hop céc chit c4i trong cau "CO CHI THI NEN", 212 tap hop
céc chit cdi trong cau "CO CONG MAT SAT CO NGAY NEN KIM". Hay
xdcdinh o N B, ot U B, A\ B, B\ A
V& lai va gach chéo cdc tap hgp A M B, A U B, A\B (h. 9) trong cdc trudng

hop sau.
O ' ' ’
a) b) ) )

Hinh 9
Trong s6 45 hoc sinh ciia 16p 10A c6 15 ban duge x&p loai hoe Iy
hanh kiém 181, trong d6 ¢6 10 ban vita hoc Iye gidi, vir

20 ban
6 hanh

kiém 16t. Hoi

) L6p 10A ¢6 bao nhicu ban duge khen thudng, biét ring mudn dugc khen
thudmg ban d6 phii hoc lvc gidi hogc c6 hanh kiém t6t ?
b) Lép 10A 6 bao nhiéu ban chua duge x&p loai hoc Iye gidi va chua c6
hanh kiém 16 2

Cho tgp hop A, hily xdc dinh A N A, A UA, AN @, AU D, C44, C4@.



CAC TAP HOP sO

I - CAC TAP HOP SO DA HOC
ﬁve bidu d3 minh hoa quan hé bao ham ciia cac tap hop s8 da hoc.

1. Tap hop céc sé tu nhiéen N

N={0,1,2,
N'={1,2,3

2. Tap hop cac s& nguyén Z

y A

.l cdic 56 nguyen am.

3,—2:=1,0:1; 235 5:):

Cée s6-1,-2,
Vay Z gbm cdc s6 ty nhién va ¢

6 nguyén am.

3. Tap hop cac sé hitu ti Q
6 hitu ti bicu dién duge dudi dang mot phan 6 % trong d6 a, b € Z, b % 0.
Hai phan s6 % v ;—I bicu dién cling mot s hiu ti khi va chi khi ad = be.

S6 hitu ti con biéu dién duge dudi dang s6 thap phan hitu han hodic vo han
tudn hoan.
. 5

Vidul. = =125
4
S
— =041(6).
12 §

16



4. Tap hop cac s thuc R
Tap hop cdc s6 thure gém céc s6 thap phan hifu han, v6 han tuin hoan va v6 han
Khong tudn hoan. Céc s thap phan v6 han khong tudn hoan goi 12 s6 V6 ti.
Vidu 2. o =0,101101110 ... (s6 chit s6 1 sau méi chit s6 O ting dén) 12
mot s6 vo ti.
Téap hop cdc s6 thuc gom cdc s6 hitu ti va cdc s6 vo ti.

5 thuc duge biéu dién bdi mot diém trén truc s6 va nguge lai (h.10).

-2 =il 0 1 3 2

Hinh 10

~ CAC TAP HGP CON THUGNG DUNG CUA R

Trong todn hoc ta thudng gip céc tap hop con sau day cua tap hop céc s6

thue R (h.11).

Khoing
(@:b) ={xe Rla<x<b) B e
(@;+0)={xe R |a<x) I, ———~
(~03b)=(xe R |x<b). [ ——

Doan
[a;h] ={xe Rla<x<bh). P S
Nita khodng # °
[a;b) ={xe R |a<x<b) Wﬂfﬁi—w
@:b] ={xeR|a<x<b} WHW

[a;+0)={xe R |a<x) s
(-3 b]={xe R [x<h). Y

Hinh 11
Ki hiéu + doc I ditong vé cie (hodc duong vé ciing), ki hiéu —» doc la
dm vé cue (hodc am vo ciing).

17



Ta c6 thé viét R = (—o0 ; +o0) va goi 1a khodng (—» ;+0).

Véi moi 56 thc ¥ ta ciing viét —o < x < +50.

Bai tap
Xic dinh céc tap hop sau va biéu dién chiing trén truc s6
1. a)[-3;1)u(0:4]; b)(0;2]U[-1;1
©)(-2;15) U@ ;+w); d)( '%julfl;Z);
€) (-0 1) U (=25 +0).
2. a)(-12;3]n[-1;4]; b)@; N (-7;-4);
A@2:HN3:9); d) (-3 2] N [-2; +o0).
3. ) (=2;3)\(1;5); b) (=2;3)\[1;5)
) R\Q; +0); d) R\ (~;3].

BAN CO BIET

G. CAN-TO

(Georg Ferdinand

Ludwig Philipp C:

CAN-TO

Can-to la nha toan hoc Bic g Do Thai.

Xust phat tif viéc nghién cltu cac tap hop vé han va cac s6
siéu han, Can-to da dat nén méng cho viéc xay dung Li thuyét
tap hop.

Li thuyét tap hop ngay nay khong nhimg la co s& ciia toan
hoc ma con la nguyén nhan cia viéc ra soat lai toan b6 co sd
Iogic ctia toan hoc. N6 c6 mét anh hudng sau séc dén toan
bo cAu triic hién dai clia toan hoc.

Tit nhiing nam 60 ciia thé ki XX, tap hop duge dua vao gidng
day trong truong phd thong & tit c céc nuée. Vi cong lao to
16n clia Can-to déi véi toan hoc, tén ciia 6ng da duogc dat cho
antor mat miéng ni Ira trén Mat Trang.

1845 ~1918)

18



Ss6 GAN DUNG. SAI s&

1- 56 GAN PUNG
Vi du 1. Khi tinh din tich ctia hinh trdn bén kinh
=2 cm theo cong thitc § = 1 (h.12),

Nam ldy mot gid tri gin ding cua m 1a 3,1 va
duge két qua

S$=3,1.4=124 (cm).
Minh Idy mot gid tri gdn déng cita 7 12 3,14 va
duge két qua Hink 12

$=3,14. 4= 12,56 (cm?).
Vi 7= 3,141592653 ... 1 mot 56 thap phan vo han khong tudn hodn, nén ta

chi viét duge gin ddng két qua phép tinh 7./ bing mot s6 thap phan hifu han.

1

ﬂKm doc cac thong tin sau em hidu dé
la céc s6 dung hay gén ding ?
Ban kinh dubng Xich Dgo cla Tréi DAt la
6378 km.
Khoang céch tir Mat Trang dén Trai Dat
1a 384 400 km.
Khoang cach tir Mat Tri dén Trai Dat
1a 148 600 000 km.

bé do

i Dilt, khodng c

. ngum ta pha‘u Lh‘mg che phming phép va cdc
“ qui ca phép do phu thuge vao phuong phip do
va dung cu duge sit d\_mg, vi thé thudng chi 1a nhiing s6 gin ding.

dung cu do dac bi
Trong do dac, tinh todn ta thicong chi nhdn dige cdc s6 gin diing.

11 - SAI SO TUYET BOI

1. Sai s tuyét doi clia mdt s gan dung
Vi du 2. Ta hiy xem trong hai két qua tinh dién tich hinh tron (- = 2 cm)
citla Nam (S = 3,1 .4 = 12,4) vi Minh (§ = 3,14 .. 4 = 12,56), két qui ndo
chinh xdc hon.
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Tathdy 3,1<3,l4<m,

dod6 3,1.4<314.4<n.4

hay 124<1256<S=7.4.

Nhu viy, két qui ciia Minh gdn v6i két qua ding hon, hay chinh xéc hon.
Tur bat

ang thic trén suy ra
1S - 12,56] < [S — 12,4
Tanéi két qua ciia Minh c6 sai s6 tuyét doi nho hon cia Nam.

Néit ala s6 gdn ding ciia

diing @ thi A, =T — al duge goi la

sai 56 tuyét doi ciia 56 gan diing a.

D6 chinh xéac ctia mét s& gan ding

Vi du 3. C6 thé xéc dinh duge sai s6 tuyt ddi clia céc két qua tinh dien
tich hinh tron cita Nam va Minh du6i dang s phan khong ?

Vi ta khong vict duge gid tri diing ciia § = 1.4 dudi dang mot s6 thap phan
hitu han nén khong thé tinh duge cdc sai s6 tuyét d6i d6. Tuy nhién, ta ¢6
thé uéc lugng ching, that vay

3,1<3,l4<n<3,15.
Do dé 12,4 < 12,56 <S < 12,6.
Tirdésuyra  [S—12,56] < [12,6 — 12,56 = 0,04
S - 12,4] < [12,6 - 12,4 = 0,2.

Ta n6i két qué cita Minh c6 sai s6 tuyét d6i khong vugt qué 0,04, ket qui
clia Nam ¢6 sai s6 tuyét d6i khong vugt qud 0,2. Ta cing néi k&t qua clia
Minh ¢6 do chinh xéc 13 0,04, k&t qui clia Nam ¢6 dg chinh xdc 12 0,2.

NéuA,=|a —a|<dthi-d<a@ —a<dhaya-d< a <a+d.

Ta néi a la s gdn diing ciia @ vi dé chinh xdc d, va quy
woc viét gonla @ =a+d.
2
Tinh dusng chéo clia mét hinh vudng c6 canh béing 3 cm va x&c dinh do chinh xac
clia két qué tim dugc. Cho bist V2 = 14142135 ...



CHUY

Sai s6 tuyét d6i clia s6 gan dang nhan dudc trong mét phép do dac doi
khi khong phén anh dy di tinh chinh xac clia phép do do.

Ta xét vi dy sau. Cac nha thién van tinh duge thai gian dé Trai DAt
quay mot vong xung quanh Mat Trdi Ia 365 ngay 1% ngay. Nam tinh
thoi gian ban d6 di tif nha dén truong la 30 phut + 1 pht.

Trong hai phép do trén, phép do nao chinh xac hon ?

A
\\\,‘//

Phép do clia cac nha thién vén c6 sai s6 tuyét déi khéng vuot qua l ngay,

nghia 14 6 gld hay 360 phit. Phép do ciia Nam c6 sai s6 tuyét doi khcng vuot
quat
Thoat nhin, ta théy phép do ciia Nam chinh x4c hon ciia céc nha thien van

(0 sanh 1 phiit véi 360 phitt). Tuy nhién, % ngay hay 360 phut la do chinh
xac clia phép do mét chuyén déng trong 365 ngay, con 1 phit a do chinh
xéc ciia phép do mot chuyén dong trong 30 phut. So sénh hai ti s6

1
4 =L 0006849...
365 1460

Looom..
0
ta phai néi phép do clia cac nha thién van chinh xac hon nhiéu.
Vi thé ngoai sai s tuyét déi A,, clia s6 gan dung a, ngudi ta con xét ti s&

5 =74
< ld

8, dugc goi la sai s6 tuong d6i clia s6 gan dung a.



111 - QUY TRON SO GAN PUNG
1. On tap quy tic lam tron s&

Trong sdch gido khoa Todn 7 tap mot ta da bict quy tic 1am trdn s6 dén
mot hang ndo d6 (goi I3 hang quy tron) nhu sau

56 sau hang quy tron nhé hon 5 thi ta thay né va cdc
chit 56" bén phdi né bdi chit s6°0.

Néiu chit 6 sau hang quy tron 1on hon hode béng 5 thi ta ciing
lam nhue trén, nhung cong thém mot don vi vao chit s6” ciia
hang quy tron.

Chéng han

S quy tron dén hang nghin ciia x= 2 841 675 Ia.x ~ 2 842 000, cita y = 432 415
Ia y ~ 432 000.

G quy trdn dén hang phan tram cita x = 12,4253 a x = 12,43 ; clia y = 4,1521
lay~4,15.

2. Cach viét s& quy tron clia s8 gén ding cén cir vao d chinh xéac
cho truéc
Vi du 4. Cho 6 gin diing a = 2 841 275 v6i do chinh xdc d = 300. Hiy viet
56 quy tron cia s6 a.
Gidi. Vi d¢ chinh xéc dén hang tram (d = 300) nén ta quy trdn a dén hang
nghin theo quy tac lam tron & trén.
Vay s6 quy tron cita a 13 2 841 000.

Vi du 5. Hiy viét s6 quy tron clia s6 gin ding a = 3,1463 biét

@ =3,1463 £ 0,001.
Gidi. Vi 4o chinh xéc dén hang phdn nghin (d0 chinh xdc 1a 0,001) nén ta
quy trdn s6 3,1463 dén hang phdn tram theo quy tic Am tron & trén.

Vay s6 quy tron clia a 12 3,15.

3

Hay viét s quy tron ciia s6 gn ding trong nhiing trudng hop sau

a) 374529 200 ;

b) 4.1356 + 0,001

22



Bai tap

Bict 35 = 1,709975947 ...

Viét gin ding U5 theo nguyén tic lam tron véi hai, ba, bén chit 6 thap
phan va ude lugng sai s& tuyét doi.

2. Chiéu dai mot céi cdu 1a / = 1745,25 m 0,01 m.
Hay viét s6 quy tron ciia s6 gdn ddng 1745,25.

3. a) Cho gid tri gin ding ciia 7 13 @ = 3,141592653589 véi do chinh xdc 1a
1071 Hay viét s6 quy tron ciia a ;
b) Cho b = 3,14 vi ¢ = 3,1416 1a nhiig gid trj gan ding ciia 7. Hy udc
lugng sai s6 tuyét d6i cta b va c.

-~

Thuyc hién céc phép tinh sau trén mdy tinh bo tdi (trong két qua ldy 4 chit
s & phin thap phan).

w3714
by 15124,

Huéng dan cdch gidi cdn ). Néu ding mdy tinh CASIO fx-500 MS ta lam

nhu sau
An 14 B
An lien t cho dén khi man hinh hi¢n ra

An lien tiép [T] [4] dé 14y 4 chir s6 & phan thap phan. Két qud hign ra trén
man hinh 12 8183.0047.
5. Thye hién céc phép tinh sau trén mdy tinh b ti
) Y217 :13° vé6i két qua c6 6 chif s6 thap phan ;
b) (342 + Y37) - 14° v6i két qua c6 7 chit s6 thap phan ;

9
o [1,23)° + Y722 v6i ket qui 6 5 chi 56 thap phan.
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Hueéng dén cdch gidi cau a). Néu ding méy tinh CASIO fx-500 MS ta lam
nhu sau

a1 [+] B

cho dén khi man hinh hi¢n ra

]

An lien tiép phim

n tien ticp [1]
K&t qué hi¢n ra trén man hinh 13 0.000016.

dé 1dy 6 chit 56 thap phan.

ON TAP CHUONG I

Xéc dinh tinh ddng sai clia ménh dé phii dinh A theo tinh ddng sai ciia
ménh dé A.

Th& nio 1 ménh dé ddo clia ménh dé A = B ? Néu A = B la ménh dé
diing, thi ménh dé dio cta n6 c6 ding khong ? Cho vi dy minh hoa.

Thé nao 1a hai ménh dé tuong duong ?

Neu dinh nghia tap hop con ciia mot tap hop va dinh nghia hai tap hop
bing nhau.

Neu cdc dinh nghia hop, giao, hiéu va phan bii ciia hai tap hgp. Minh hoa
cdc khéi niém d6 bang hinh v&.

Néu dinh nghia doan [a ; b], khodng (a ; b), nita khoang [a ; b), (a ; b],
(=% 3 b), [a; ). Vi€

ap hop R cdc s6 thue dudi dang mot khoang.

Thé ndo 1 sai s6 tuyét dGi ctia mot s6 gan ddng ? Thé ndo 13 d¢ chinh xdc

gdn diing ?

cliamo
Cho tif gide ABCD. Xét tinh diing sai ciia ménh dé P = Q v6i
a) P = "ABCD 1a mot hinh vuong”,

Q: "ABCD I mot hinh binh hanh" ;
b) P : "ABCD Ia mot hinh thoi",

Q: "ABCD 1a mot hinh chif nhat".



9. Xét m6i quan h¢ bao ham giita céc 1ap hop sau

Ala tap hop cée hinh 6 gide ; D 1a tap hop céc hinh chit nhat ;
B 12 tap hop céc hinh binh hanh ; E 12 tap hop céc hinh vuong ;
C 1 tap hgp céc hinh thang ; G 1 tap hop céc hinh thoi.

10. Liét ke cdic phan tir ciia mdi tap hop sau
a)A={(3k-2]k=0,1,2,3,4,5};
b)B={xe N |x<12};

) C={-D"|ne N}

=

. Gid sir A, B 12 hai tap hgp s6 vA x 1a mot s6 di cho. Tim cdc cap ménh dé
tuong duong trong céc ménh dé sau

P:'xeAUB"; S:'xeA vaxeB';
Q:"xeA\B"; T:"veAhoicxeB';
R:'xeAnB"; X:"xeA vaxeB"

IS

. Xéc dinh cdc tap hop sau
a) (-3;7) " (0;10);
b) (-3 5) N (2;+%);
¢) R\(-»;3)
bing 6 dé tim gid tri gin diing @ ciia Y12 (két
qui duge 1am tron dén chir s6 thap phan thit ba). Udc lugng sai s6 tuyét doi
cia a.

13. Ding mdy tinh b téi hoa

14. Chiéu cao cita mot ngon déi 1a h = 347,13 m + 0,2 m.
Hay viét s6 quy tron clia s6 gan diing 347,13.

15. Nhiing quan h¢ ndo trong céc quan h¢ sau 1a diing ?
a)AcAUB;
b)ACANB;
Q)ANBCAUB;
d)AUBCB;
e)AnBCA.



Bdi tap tréc nghiém
Chon phuong dn diing t7ong ode bai tGp sau
16. Cho céc 56 thyc a, b, ¢, d Vi a<b < ¢ < d. Ta c6
A @;nb;d=b;o); B @;0nbid=[b;c);
(O GIOAB =18 U bid)= (b d).
17. Bict P = Q 1a m¢nh dé ding. Ta ¢6
(A) P 1a diéu ki¢n cin dé 6 Q ; 605
(C) Q1 dicu kién cin va dir dé c6 P; (D) Q I dicu kién dii dé ¢6 P.

BAI POC THEM
HE NH| PHAN

Cach ghi s6 thudng diing hién nay (hé ghi s§ thap phan) do nguoi Hin-du An Do
phat minh vao déu thé ki IX. D& ghi tét ca cac s6 ty nhién, ngudi Hin-du diing
10 ki hiéu (sau nay ta goi a 10 chir s6) nhu sau

01 X3 8Y & 6T
cac 56 duge ghi thanh hang, k& tif phai sang trai, hang sau c6 gia tri bang 10 14n
hang truéc nb.
Céch ghi s6 ciia nguoi Hin-du duge truyén qua A Rap réi sang chau Au va nhanh
chéng duge thita nhan trén toan thé gidi vi tinh uu viét clia n6 so véi cac cach ghi
s6 trude do. Céch ghi s6 ¢ duy nhat con dugc diing ngay nay la hé ghi s6 La Ma,
nhung ciing chi mang y nghia trang tri, tugng trung.
Trai qua nhiéu thé ki, 10 chir 6 ciia ngudi Hin-du duge bién ddi nhiéu Ién & cac quéc
gia khac nhau, rdi di ti théng nhat trén toan thé gidi la cac chir s&

0 1234567809

Ngusi Hin-du ghi s8 theo nguyén tac nao ?
Ta hay xét mét s6 cu thé, chéng han s6 2745. Ta néi s6 nay gém hai nghin, bay
tram, bén muci va nam don vi, hay ¢ thé viét

2745=2.10° + 7,107 + 4.10 + 5
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Téng quét, co s& cho cach ghi s6 clia ngudi Hin-du 12 dinh Ii sau

"M6i s6 tu nhién a # 0 déu viét duoc mét céch duy nhét dudi dang

1

a=a,10" +a,,10"" + . +a;10 +ay

trong d6 0 < a;<9,i=0

o Vaa, =0

Khi a c6 biéu dién nhu vay, ta viét
a=aa, .

va néi dé la cach ghi s6 a trong hé thap phan.
Tuy nhién, dinh Ii trén van dang khi ta thay 10 b&i s6 nguyén ¢ > 1 tuy y. M3i s6 tu’
nhién a # 0 déu viét dugc mét cach duy nhat duéi dang

a=a,8"+a, "+ tagtag
trong d6 0 <a; < g~ 1,a,%0.
Khi a c6 biéu di&n nhu vay, ta viét

a=aa,_

g,

va néi dé la cach ghi s6 a trong hé g - phan ; ag, a)....., a, 9oi 14 cac chif s ciia s6
a.Vi0<a;<g-1,nén dé bidu
ohil s6.

DE biéu dién s6 ty nhién a trong hé ¢ - phan, ta thyc hién phép chia lién tiép a va
céc thuong nhén dugc cho g.

6 ty nhién trong hé g - phan ta cn diing g

Vi du. Biéu di&n 10 trong hé nhi phan (g = 2).
Taco 10 2
5

Viét day cac s6 du theo th( tu tir dui 1én ta dudc su biéu dién cia 10 trong hé
nhi phan

10= 10101.
Trong hé nhi phan chi ¢6 hai chir s6 1a 0 va 1 va mdi sG tu nhién dugc bidu dién bsi
mot day ki hiéu 0 va 1. Mot day ki hiéu 0 va 1 c6 thé bidu thi bsi mét day béng den

V61 quy udc béng dén séng bidu thi chir s6 1, béng dén tét bidu thi chir s6 0.
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Didu d6 gii thich vi sao hé nhi phan dugc sif dung trong Céng nghé thng tin.
Bang dudi day cho sy biéu didn cac 6 tir 0 dén 15.

S6 trong hé thap phan Bidu dién nhi phan Bidu didn vat If
0 0 cooo
1 1 0oox*
2 10 co*0
3 1" OO0 * *
4 100 ox00
5 101 oO%x0O*
6 110 O* %0
7 111 Ox %%
8 1000 *000
9 1001 %00 *
10 1010 *0 %0
11 1011 * O *
12 1100 *%00
13 1101 **0*
14 1110 * % %0
15 1111 xR

Viéc thyc hién cac phép tinh trong hé nhi phan ciing tuong ty nhu trong hé thap
phan nhung d& dang hon nhidu vi bang cong va bang nhéan (cong va nhan cac
chir s6) trong hé nhi phan rét don gian

+ 0 1 x 0 1
0 0 1 0 0 0
1 1 10 1 0 1

D8 cong hai s bat ki trong hé nhi phan, ta dat phép tinh nhur trong hé thap phan
va chu y raing 1 + 1= 10 (viét 0 nhé 1)



Vidu.
10110
1011
100001
Con d6i véi phép nhan ta chi can thie hign cac phép dich chuyén va phép cong.
Vi du.

0 0 0 0 O
1.0 1 10
1101 1 10

Nhu vay, cac phép tinh trong hé nhi phan dugc tién hanh theo nhimg quy téc don
gian, do d6 dé "day” cho méy thyc hién. D6 ciing 12 If do d& st dung hé nhj phan
trong Céng nghé thong tin.

BAN CO BIET

HE GHI SO Al CAP

N6i dén Ai Cap ta nghi ngay dén cac Kim tu thap ddy huyén bi.
Chung chiing té réng tir thai xa xua & noi day da c6 moét nén van
minh ryc 3.

Tir khodng 3400 nam truéc Cong nguyén, ngudi Ai Cap da c6 mot
hé théing ghi 56 gém 7 ki higu, ¢o gi tri tuong (ng nhu sau

In 9?22 o ¥

1 10100 1000 10000 100000 1000 000



Kim t thap Ké-6p
TU 7 ki hiu trén cac s6 dugc ghi theo nguyén tic cong tinh, nghia

14 gié tri cia mot s6 béing tdng gia tri cac ki
d6. Vidu

Yo eenl-

= 1000 000 + 100 000 + 10 000 + 10 000 + 10+ 1 + 1
=1120012.

éu c6 mat trong s6



HAM s0 BAC nHAT
H VA BAC HAI

Trong chuong trinh mén Toan Trung hoc co s6, hoc sinh

da ném dugc céc khai niém ham s6, ham s6 bac nhat, ham
56 bac hai, ham s6 dong bién, ham sé nghich bién.
Chuong nay 6n tap va bé sung cac khai niém co ban vé
ham s6, tap xac dinh, d6 thj ctia ham s6, khai niém ham s6
chén, ham s6 1€, xét chiéu bién thién va vé dé thj cac ham
56 da hoc.

HAM S0 BAC NHAT VA BAC HAI




I-
1.

A

2.
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HAM s6

ON TAP VE HAM SO

Ham s&. Tap xac dinh clia ham s
Gid sir c6 hai dai lugng bicn thién x va y, trong d6 x nhan gid trj thuge 1ap
56 D.

Néu véi méi gid tri ctia x thugc tap D cé mot va chi mot
tri tuong iing ciia y th ip 56’ thue R thi ta ¢6 mot ham s6.

Ta goi x la bién 56 va y I ham 6 ciia x.

Tdp hgp D dicge goi la tap xde dinh ciia ham 5.

Vidul
Bing duGi day trich tir trang web cita Higp hoi lien doanh Vit Nam — Théi Lan
ngdy 26 — 10 — 2005 vé thu nhap binh quan ddu ngudi (TNBQDN) clia
nuGe ta tit nam 1995 dén nam 2004.

Nam 1995 [ 1996 [ 1997 [ 1998 | 1999 [2000] 2001 [ 2002 [ 2004

TNBQDN
(tinh theo USD)

200 | 282 | 295 | 311 | 339 | 363 | 375 | 394 | 564

Bing nay thé hi¢n sy phy thude gifia thu nhap binh quan dau ngudi (ki hicu
Iay) va thdi gian x (tinh bang nam).

Vi méi gid tri x € D = {1995, 1996, 1997, 1998, 1999, 2000, 2001, 2002,
2004} ¢6 mot gid tri duy nht y.

Vay ta ¢c6 mot ham s6. Tap hgp D 1a tap xdc dinh clia ham s6 nay.

Chic gid tri y = 200 ; 282 ; 295 ; ... dugc goi Ia cdc gid tri ciia ham 56,
tuong Gng, tai x=1995 ;1996 ; 1997 ; ...

1
Hay néu mot vi du thyc t& vé ham s6.

Cach cho ham s&
Mot him 6 ¢6 thé duge cho bing céc céch sau.
Ham s6 cho bing bang

Ham 56 trong vf du trén 12 mot ham s6 duge cho béng béng.



Az

Hay chi ra céc gia tri clia ham s8 trén tai x = 2001 ; 2004 ; 1999.

Ham s6 cho bing biéu do

Vi du 2. Bidu d6 dudi (h.13) (trich ti bio Khoa hoe va Ddi séng s6 47
ngdy 8- 11-2002) mo 1 s6 cong trinh khoa hoc ki thuat dang ki dy gidi
thudmg Sing tao Khoa hoc Cong ngh¢ Viet Nam va s6 cong trinh doat gidi

hang nam tir 1995 dén 2001.
Bicu d6 nay xéc dinh hai ham s6 trén cing tap xéc dinh
D = {1995, 1996, 1997, 1998, 1999, 2000, 2001}.

3
7 '\Hiy chi ra c4c gié trj cia mdi ham s6 trén tai cAc gié tri x < D.

o . Ra— 141
[ Téng s6 cong trinh tham dy giai thuing
[ Téng s6 cong trinh doat gii thuéng 116
108
78
56
43
39 N s
17 o =
10
NAM NAM NAM NAM NAM NAM NAM
1995 1996 1997 1998 1999 2000 2001

Hinh 13
Ham s6 cho bang cong thic

4
Hay k& cc ham s6 da hoc & Trung hoc co s3.

a

CéchamsG y=ax+b,y

y=ax’ 1a nhiing ham s6 duge cho béi cong thiic.

w
b



Khi cho ham s6 bing cong thitc ma khong chi 13 tap xdc dinh ciia n6 thi ta
¢6 quy udc sau

Tdp xdc dinh ciia ham s6'y = f(x) la tdp hop tdt cd cdc s6
thire x sao cho biéu thitc f(x) ¢6 nghia.
Vi du 3. Tim t3p xdc dinh clia ham s f(x) = Vx - 3.
Gidi. Bidu thic Vx —3 c6 nghia khi x — 3 > 0, te 1a khi x > 3. Vay tap
xéc dinh ciia ham s6 da cho 1a D = [3 ; +<0).
RS
Tim tap xéc dinh clia cac ham s6 sau
3
a) g(x)=—— ;
)e0=s

b) ) =x+ 1+

CHOY

Mot ham s6 ¢6 t
han, cho ham s&

¢ duge cho béi hai, ba,... cong thic. Ching

2

2x+1v6ix 20
—x7 v6ix<0

nghia la v6i x > 0 ham 6 duge xéc dinh bdi biéu thife fx) = 2x +1,

véi x < 0 ham s6 duge xéc dinh bisi biéu thifc g(x) = -

6
Rﬂnh gié tri clla ham s6 & chu y trén tai x =

3. D6 thj clia ham s&

f(x) xéc dinh trén tap D la tap hop tdt cd
1 mdit phéing tog d¢ véi moi x thuge D.

| D6 thi ciia ham 56y
cde diem M(x ; f(x))

Vi du 4. Trong Séch gido khoa Todn 9, ta di biét d6 thi
y = ax + b 1a mot dudng thing, d6 thi ctia ham s¢
dudng parabol.

a ham 56 bac nht

v 2y
hai y = ax” 1a mot



1 2
=2/ -1 1

o| 1 2 v 05

= == o 1 2 I3

DG thi ham s6fx) = x + 1
Hinh 14

7
RDW V&0 d6 thi clia hai ham s da cho trong hinh 14
y=f=x+1vay=gx)= %ﬁ hay
a) Tinh f(-2), fi-1), /), f2), g(~1), &(-2), g(0) ;
b) Tim x, sa0 cho fix) =2 ;
Tim x, sa0 cho g(x) = 2.
Ta thudng gap trudmg hgp d6 thi ciia ham s6 y = fix) la mot dudng (dudng thing,
dudmg cong, ...). Khi d6, ta néi y = f(x) Ia phuong trinh cia dudng dé.
Chang han

ax + b 1a phuong trinh ciia mot dudng thang.

v =ax* (a #0) Ia phuong trinh ciia mot dudng parabol.

~ SUBIEN THIEN CUA HAM SO

1. Ontap

Xét d6 thi ham s6 y = f(x) = +° (h.15a). Ta thaly tren khodng (~0 ; 0) d6 thi
"di xung" ti tréi sang phii (h.15b) va véi

X1y %3 € (=05 0), ) <Xy thi flxy) > ).
Nhu vay, khi gi tri cita bién s6 ing thi gid tri ciia ham s& gidm.

Ta n6i ham s6 y = x> nghich bién trén khong (~20 ; 0).

w
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0 X
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a) b) <)
Hinh 15
Trén khodng (0 ; +e0) d6 thi "di Ién" 1t trdi sang phéi (h.15¢) va véi
X1y € (05 4+90) 5 x; < % thi fly) < flxy).
Nhu vay, khi gid tri ciia bién s dng thi gi4 tri cia him s ciing ring.
Ta n6i ham s6 y = x° déng biéh trén khodng (0 ; +).
CHUY

Khi x> 0 va nhan cde gid tri 16n tuy § thi ta n6i x dn t6i +2.

Khi x < 0 va x| nhan cdc gid tri 16n tuy § thi ta n6i x dn 16i —0.
Ta thdy khi x ddn (6 +% hay — thi 1 ddn 16 +<c.
Téng qut

Ham s6'y = fx) goi I déng bién (tdng) trén khodng (a ; b) néi

Vxy, Xy € (a3 ) s xy <xp = flxy) < fixy).

v = fx) goi la nghich bién (gidm) trén khoding (a ; b) néiu

Vi, Xy € (a3 b) s 3y <y = fixy) > fiey).

Bang bién thién

Xét chiéu bién thién ciia mot ham s6' 13 tim céc khoang déng bién va céc
Khodng nghich bién clia né. Ket

trong mot bang goi 1a bdng bién thién.

ud xét chiéu bién thién duge tong két




Vi du 5. Dudi day a bing biéh thién ciia ham s6 y = 1.

x -0 0 +0

+0

Ham s6 y = x* xéc dinh trén khoang (hodc trong khodng) (~ ; +20) va khi
v din 16 +o0 hogic ddn t6i —o thi y déu ddn 16i +%.
Taix=0thiy=0
BDé dién td ham s6 nghich bién trén khodng (- ; 0) ta vé miii
tén di xudng (ti +0 dén 0).
DE dién td ham 6’ dong bién trén khodng (0 3 +0) ta vé miii
tén di lén (tiv O dén +).
Nhin vao bang bién thién, ta so bj hinh dung digc do thi ham
56 (di 1én trong khodng nao, di xudng trong khodng nao).

11T - TINH CHAN LE CUA HAM SO

-

Ham s& chén, ham sé 1é

Xét d6 thi cia hai ham s6 y =

Hinh 16
Pudng parabol y = 1% ¢6 truc doi ximg 1a Oy. Tai hai gid tri d6i nhau ciia
bi€n s6 x, him s6 nhan ciing mot gid tri

LA=2)=f2) = 4,...

Gdc toa do
nhau ciia bi¢h 56 x, ham s& nhan hai gid tri dGi nhau

8= =-g(1), 8(-2) =—g(2), ...




Ham s6 y = x” 1a mot vi du v& ham s& chdn.
Ham 6 y = x 1a mot vi du vé ham s6'Ié.
Téng quat
Ham s6'y = f(x) véi tap xdc dinh D goi la ham s6 chén néu
fo.
Ham s6'y = fix) véi tdp xdc dinh D goi la ham s6'Ié néit
Vx e D thi —x € D va f(-x) = —fx).

8
ﬂxa tinh chdn 1€ clia cac ham s6

a)y=n’-2; by y=1; o y=vx
:

CHUY

Mot ham s6 khong nhit thiét phai 13 ham s6 chan hodc ham s6
1&. Chéng han, ham s y = 2x + 1 khong 1a ham sG chan, ciing
khong 13 ham s6 1& vi gid tri cita n6 tai x = 1 v x = ~1 tuong
(g 1a 3 va —1. Hai gid tri nay khong bing nhau va ciing
khong d6i nhau.

2. Dé thi cha ham s chdn, ham sé 18

Nhan xét vé d6 thi ciia ham s6 y = x° va y = x trong muc 1 ciing ding cho
trudng hop t6ng qudt. Ta ¢6 két luan sau

d

D6 thi ciia mot ham s6'1é nhdn goc toa do lam tam d6i xitng.

D6 thi ciia mot ham s

hdn nhén truc tung lam tru iing.

Bai tap

1. Tim tap xéic dinh ciia cdc ham s6

2. Cho ham s6

Tinh gi tri ciia ham 6 d6 tai x
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Cho ham s6 y = 3+ — 2+ 1. Cc diém sau c6 thuge dé thi cita ham s6 d6 khong ?
a)M(-1;6);

BN 1)

S PO; 1).

Xét tinh chdn 1¢ ciia céc ham s6

ayy=;

b)y=(x+2)7;

3
Qy=x +x;

dy=x2+x+1.

HAMde:ax+b

ON TAP VE HAM SO BAC NHAT
y=ax+b(az0).

Tap xdc dinh D =R .
Chiéu bién thién

Véia> 0 ham s& dong bich trénR .

Vi a <0 ham s nghich biéh trénR .
Biing bién thién

a>0 a<0

x - +o0 x - +0

+2 2
> / ¥ T~
©




D6 thi
D6 thi clia ham s6 1a mot dudng thang khong song song va ciing khong
tring V6i céc truc tog do. Dudng thing ndy luon song song véi dudng

thing y = ax (néu b # 0) va di qua hai diém A(0 ; b) ; B(—ﬁ ; 0] (h.17).
a

a>0 a<0
Hinh 17

1

V& dé thi clia cac ham s6 :

1
=3x+25y=-—x+5.
2

I1 - HAM SO HANG y = b

A

it

40

2
Cho ham s6 hang y = 2.

Xéc dinh gié tri ctia ham s6 tai x
Bidu dién cac diém
(-232),(-132),(032),(1 3 2), (25 2) trén mat phéng toa do
Néu nhan xét vé dé thi clia ham s6 y = 2.

D6 thi ciia ham s6'y = b la mot
duong thing song song hodc tring
vdi truc hoanh va cdt truc tung tai
diém (0 5 b). Buong thing nay goi
la cicomg thing y = b (h.18).

Hinh 18
~HAM SO y = Il

Ham s6 y = || c6 lién quan chit ch& v6i ham bac nht.



1. Tap xac dinh

Ham s6 y = |1l x4c dinh vé6i moi gid tri ciia x, tic 12 tap xdc dinh D = R.

2. Chiéu bién thién
Theo dinh nghta cita gid tri tuyét déi, ta c6
" x néu x =20
“=
2 x néu x < O
Tir d6 suy ra
Ham 56’y = |x| nghich bién trén khodng (— ; 0) va déng bién
trén khodng (0 ; +0).
Bang bién thién.
Khi x > 0 va dén t6i +o0 thi y = x ddn t6i +o0, khi x < 0 va ddn t6i —oo thi
y = —x cling ddn t6i +. Ta c6 bing bién thien sau
x — 0 -+
¥
3.

Trong nita khoang [0 ; +) d6 thi ciia ham
56y = |xl tring v6i d6 thi clia ham s6 y = x.

Trong khoiing (o ; 0) dé thi ciia ham s6 y
triing v6i d6 thi cita ham 6 y = —x.

CHU Y Hinh 19
Ham s6 y = [x] 1a mot ham s6 chdn, d6 thi ciia n6 nhan Oy lam
truc d6i xing.
Bai tap
1. Ve do thi cia cdc ham s6
a)y=2v-3; b) y = 2.
41
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3
Qy=-=x+7; d) y=Id-1
) S )

Xdc dinh a, b dé dé thi ciia ham 6 y = ax + b di qua céc diém

a)A(O;3)vEAB[%;0) :

b)A(1;2)vaB(2;:1);

c) A(15; -3) va B(21 ; -3).

Viét phuong trinh y = ax + b ciia cdc dudng thing
2) Di qua hai diém A4 ; 3)va B2 -1);

b) Di qua diém A(1 ; 1) va song song véi Ox.

V& dé thi cita cdc ham s6

x+1 voix =1

2x v6ix 20
a)y= by :{

‘%wm x<0; 2x+dvbix<l.

HAM s& BAC HAI

Ham s6 bac hai duoe cho béi cong thite
y=ax’ + by +c (a#0).
Tap xéc dinh ciia ham s6 nay 1D = R.

Ham s6 y = ax? (a # 0) d& hoe & 16p 9 1a mot trudmg hop rieng cita ham s6 nay.
PO THI CUA HAM SO BAC HAI

1
Nhéc lai cc két qua da bist vé dé thi clia ham s6 y = ax’.



L4

Nhan xét

1) Diém O(0 ; 0) Ia dinh cita parabol y =ax>. D6 Ia diém thip nhat ciia d6
thi trong trudmg hgp @ > 0 (v = 0 v6i moi x), va 1 diém cao nhat cita 6 thi
trong trudng hop a < 0 (v < 0 v6i moi x) (h.20).

a>0 a<0
Hinh 20

2) Thye hi¢n phép bi¢n ddi da bict & 16p 9, ta ¢ thé viet
2
y=a? +bxtc= (,(HLJ + 78 6 A= b - dac.
2a)  4a
Tir dé ta c6 nhan xét sau

Néux= -2 thiy=2 vL\y diém 1(77 A] thude d6 thi ciia ham s6
2 24’ 4a
y=al +br+c(a# 0).

Néua>0thiy> %A véi moi x, do d6 / 1a diém thap nhdt ciia dé thi.
a

Néua<Othiys< ;—A v6i moi x, do d6 7 12 diém cao nhdt ciia d6 thi.
a

Nhu vay, diém I[ ) d6i v6i dé thi clia ham s6 y = al+bytc (a#0)
4a

2’
déng vai trd nhu dinh O(0 ; 0) cita parabol y = ax’.

D8 thi
Duéi day (xem bai doc them) ta & thiy d6 thi ciia ham s6 y = ax” + bx + ¢

chinh Ia dudng parabol y = ax?

toa do.

sau mot s6 phép "dich chuyén” trén mat phing
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D6 thi ciia ham s6 y = ax® +bx + ¢ (a # 0) la mot duomg

b A

parabol cé dinh la diém I [ H ]. c6 truc doi ximg la
2a 4a

. b : .
duong thdng x = == Parabol nay quay bé lom lén trén néi
a

a> 0, xuéng dudi néua <0 (h21).

o\ _ L x
A \24
4al 1
a>0 a<0
Hinh 21
Céch vé

Dé vé dudng parabol y = ax? + by + ¢ (a # 0), ta thuc hién cdc buée
1) Xdc dinh toa d¢ ciia dinh 1(—L ;i).
2a" da

" b

2) Vé truc doi xitng x = —-
2a

3) Xdc dinh tog d cdc giao diém ciia parabol véi truc tung (diém (0 ; ¢))
va truc hoanh (néu cé)
Xéc dinh them mot s6 diém thuc dé thi, ching han diém d6i xtng véi
diém (0; ¢) qua truc d6i xiing clia parabol, dé v& dé thi chinh xéc hon.
4) Vé parabol.
Khi v& parabol cdn chi ¥ dén ddu cita hé s6 @ (a > 0 bé 15m quay lén trén,
a < 0 bé 13m quay xuéng dudi).



Vi du. V& parabol y = 33 —2x 1.

Ta c6

Dinh I[l;ij
3'3

Truc déi xting 13 dudng thing x =

1.
33
Giao diém v6i Oy A A0 ~1) ;

Diém d6i xiing véi diém A(0; ~1) qua dudng thang x = % Ia A'G 3= 1].

T
Giao diém véi Ox 12 B(1 ; 0) va (‘(-%;o). &
D6 thi nhu hinh 22.

Rz

- 2
V& parabol y = 21" +x +3.

;
Hinh 22
11 - CHIEU BIEN THIEN CUA HAM SO BAC HAI

Dua vio dé thi cita ham s6 y = ax® + bx + ¢ (a # 0), ta c6 bang bién thien
ciia né trong hai truding hgp a > 0 va @ < 0 nhu sau

a>0 a<0
b b
N -— +oo x| —w -—— oo
2a 2a
+o0 +00 -A
4a
y y a
-
4a —o0' -0

Tir d6 ta c6 dinh If duéi day
45



46

DINH LI

y=a? +bx+c
—b)
2a

Déng bién trén khodng [;—b i+ aoj.
a

Néiwa > 0 thi ham s6

Nh

bién trén khodng [—x

Néiwa < 0 thi ham 56’y = ax® + bx + ¢

B ; —b
Dang bién trén khodng [m 2—’]
7

:+3c].
a

Nghich bién trén khodng [2

BAI POC THEM

DUONG PARABOL

Trong §3, ta da khang dinh réing dé thi clia ham s6 bac hai y = ax’ + bx + ¢ (a # 0)
1a mot dudng parabol. Dusi day ta s& ching t diéu dé va cho thdy dudng
parabol nay dudc suy ra tif parabol y = ax” nhu thé nao.

1.8 thi clia ham 8 y=ax? +yp

Xét hai ham s6 f(x) = ax’ va g(x) = ax” + yq-
Tai cing mét diém X e R ta co

Y=fX) =aX?, g0 = aX? +yo=Y +yo.
Do d6, néu diém M(X ; ¥) thudc dé thi clia ham s y hi diém N(X; Y + yp) thude
46 th cia ham s6 y = ax’

Yo
Ta th&y néu dich chuyén (tinh tién) diém M(X ; ¥) song song véi truc tung mét
doan bang |y;| don vi (1én trén néu y, > 0, xudng dudi néu y, < 0) thi duoc diém

NX3 Y+ y0)-



D6 thi clia ham $6 y = ax’ + y, nhan dugc tr d6 th cda ham s6'y = ax’
nh& phép tinh tién song song vdi truc tung ly,| don vi, lén trén néu
Yo 0, xubng dusi néu y, <0 (h.23)

3,>0 3<0

Hinh 23
2.6 thi clia ham s8 y = a(x + )
Xét hai ham s6
S0 = ax® va g) = a(x +x)"-
V6iXtuy ¥, ta c6

%) =aX?, g(X - xg) = al(X - xp) +x

Nghia la, gié tri cia ham s6 f(x) tai X bang gia tri clia ham s6 g(x) tai X - x. Vay néu
diém M(X; Y) thudc dé thi ciia ham s6 y = ax” thi diém N(X - xg ; ¥) thudc dé thi clia

Ta thay, néu tinh tién diém M(X ; ¥) song song véi truc hoanh || don vi vé bén
tréi néu x> 0, vé bén phai néu x, < 0 thi dugc diém N(X-xo: 1).
vay

6 thi cda ham S8 y = ax + )" nhén dugc tir d6 thi ciia ham s y = a
nha phép tinh tién song song vdi truc hoanh |x,| don vi, vé bén trai

néu xy >0, vé bén phéi néu x, < 0 (h.24).
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%>0 3<0
Hinh 24

{ia ham 8y = ax® + bx + ¢
Thyc hién phép bién ddi da biét & 16p 9, ta c6 thé viét

2 2
. (.\+L] +28 veia=
2) aa

Ap dung cac két qua trén véi x ==, 3, == ta thély
2a 4a
D6 thi cila ham $6 y = ax’ + bx + ¢ dugc suy ra tir 6 thi cila ham s5

= ax” truéc hét nho phép tinh tién song song vai truc hoanh Z’—’
al

don vi, vé bén tréi néu zi >0, vé bén phéi néu 2’—’ <0, sau d6 nho phép
7 »
tinh tién song song véi truc tung ‘ﬁ don vi, lén trén néu ;—A >0,
4a o

xubng dudi néu =2 <0 (h.25).
$ 4a

as0, <o B0
2 da

Hinh 25



»

w

Nhu vy, d6 thi ciia ham s6 bac hai + by +c cing Ia mot duting parabol.

Trong ddi séng héing ngay ching ta thudng gap nhing hinh &nh cia dudng
parabol, nhur khi ta ngém c4c dai phun nuéc, hodc chiém ngudng canh ban pho
hoa mu6n mau, mudn sic. Nhidu cong trinh kién truc ciing dugc tao dang theo
hinh parabol, nhi cay cdu, vom nha, céng ra vao,... Bidu d6 khéng chi bdo dam
tinh bén viing ma con tao nén vé dep ciia cang trinh.

Bai tap
Xic dinh toa d6 cia dinh va cdc giao diém v6i truc tung, truc hoanh (néu
¢6) clia mdi parabol
—3x+2; byy=-2+4x-3;

Frd

-2x; dy=
Lap bing bién thién va V& d6 thi ciia cdc ham s6

Wy=3F—dr+1; byy=-3+2c-1;
Oy=a—dx+1;

224 x41;

e)y
Xéc dinh parabol y = ax” + by + 2, biét ring parabol dé
a) Di qua hai diém M(1 ; 5) va N(-2; 8);

b) Di qua diém A(3 ; - 4) va ¢6 truc déi xting la x =
©) Cédinh 1125 -2) ;

d) Di qua diém B(~1 ; 6) va tung 6 ciia dinh 1a
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Xéc dinh a, b, ¢ biét parabol y = ax® + bx + ¢ di qua diém A(8 ; 0) va c6
dinh 12 £(6 ; ~12).

ON TAP CHUONG II

Phét bidu quy uéc vé tap xéc dinh ciia ham s6 cho bdi cong thite.
_ x+1 N
-

(x+ D% +2)
The nao 1a ham s6 déng bién (nghich bién) trén khodng (a5 b) 2
Thé nao 1a mét ham s chdn ? Thé nao 1a mot ham s6 1¢ ?

Tir d6 hai ham s6

c6 gi khdc nhau ?
+2

Chi ra khoang déng bi¢n, khoang nghich bién cita ham s6 y = ax + b, trong
méi trudng hop a>0; a <0.

Chi ra khodng déng bién, khoang nghich bién cita ham s6 y = ax” + bx + ¢,
trong méi trudng hop a > 0; a < 0.

Xéc dinh toa do cita dinh, phuong trinh cita tryc d6i xiing cita parabol

y= ax® +bx+e.

inh toa do giao diém cita parabol y = ax? + bx + ¢ véi
diéu Kién dé parabol nay cit truc hoanh tai hai diém phan
d6 clia chc giao diém trong trudng hop d6.

tung. Tim
&t va viét toa

Tim tap x4c dinh clia cie ham s6
a) v:il+«/,\+3 :
X+

1

b)y=v2-3x - ———;
V1-2x
1
v6ix 21
Qy={¥+3

V2-x véix<l.
Xét chiéu bién thién va v& d6 thi clia cde ham s6

1
ayy=—x-1; b)y=4-2x;
)y=3 )



c),v:*/F:

10. Lap bang bién thién va v& dé thi cita céc ham s6

a)y:,\zfz.\fl:

by =22 +3x+2.
11. X4c dinh a, b biét dudng thing y = ax + b i qua hai diém A(1 ; 3), B(~1; 5).
12. Xdc dinh a, b, ¢ biét parabol y = ax? + bx + ¢

a) Di qua ba diém A0 ; ~1), B(1; ~1), C(-15 1)

b) C6 dinh /(1 ; 4) va di qua diém D(3 ; 0).

Bdi tap tréc nghiém
Chon phitong dan diing trong cdc bai tdp sau

13. Tap xdc dinh cila ham 56 y = Vx — 3 —1-2x Ia

(A)D:{%;Z&}; (B)D:[m;ﬂu[a;+w);
©D=0; D)D=R.
14. Parabol y = 3x% — 2x + 1 ¢6 dinh la
1.2 1
A== B) /[ -~:-
wi(-3:3) ®i(-;
12 12
(C)I[E’igj‘ (D)I[g.gj»

15. Hims6 y = «% — 5x +3

(A) Déng bién trén khodng [ﬂo g) .

(B) Déng bién trén khoang G i+ x) 2
— . (s
(C) Nghich biéhn trén khoing | = + = | ;

(D) Déng bién trén khodng (05 3).



PHUONG TRINH. HE PHUONG TRINH

PHUONG TRINH.
HE PHUONG TRINH

Chuong nay b sung cac kién thiic vé phuong trinh ;

6n tap va hé théng hoa cach giai phuong trinh bac nhat,
bac hai mét &n ; phuong trinh va hé phuong trinh bac nhat
hai &n ; déng thoi cung cap cach giai hé phuong trinh bac
nhét ba &n thong qua vi du.



DAI CUONG VE PHUONG TRiNH

I - KHAI NIEM PHUONG TRINH

1
RNéu vi du vé phutong trinh mot &n, phuong trinh hai 4n.

1. Phuong trinh mét an
Phucong trinh dn x la ménh dé chita bién 6 dang
f) = g(x) (O]
trong dé f(x) va g(x) la nhimg biéu thitc ciia x. Ta goi f(x) la
V€ trdi, g(x) la vé phdi ciia phitong trinh (1).

Néit 6 56 thire xq sao cho f(xp) = g(xo) la ménh dé diing thi

X ditge goi la mot nghi¢m ciia phiong trink (1).

Gidi phitong trinh (1) la tim (&t c& cdc nghiém ciia né (nghia la
tim tdp nghiém).

Néu phiong trinh khong c6 nghiém nao cd thi ta néi phicong
trinh vé nghiém (hodc ndi tdp nghiém ciia né la réng).

CHU Y
C6 trudng hgp, khi giai phuong trinh ta khong viét duge chinh
xéc nghiém ciia chiing duéi dang s6 thap phan ma chi viét gan

ding. Ching han, x === 1o nghiem ciia_ phuong. trinh

12 mot nghiém gan diing ciia

2x = /3. Gid ri 0, 866[

phuong trinh.



2. Diéu kién ctia mét phuong trinh

A

Cho phuong trinh ‘L; S

=
Khix =2 v& tréi ciia phutong trinh da cho c6 nghia khong ? V& phéi o nghia khi nao ?
Khi giai phuong trinh (1), ta cin luu ¥ 16i didu ki¢n doi véi dn s6 x dé flx) va g(x)
6 nghia (tie 1a moi phép todn déu thye hién dugc). Ta cling néi d6 1a dicu kién
xdc dinh ciia phiiong trinh (hay goi tat 1a diéu kién ciia phiiong trinh).
Khi cdc phép todn & hai v& clia mot phuong trinh déu thue hién duge véi
moi gid tri ciia x thi ta ¢6 thé khong ghi didu kién ciia phuong trinh.

3
ﬁHéy tim diéu kién ciia céc phuong trinh

Ngoai cdc phuong trinh mot dn, ta con gap nhimg phuong trinh ¢6 nhiéu dn
s6, ching han

3x+2y= @

2 3)
Phuong trinh (2) 1a phuong trinh hai 4n (x va y), cdn (3) 1a phuong trinh ba
dn (v, yvaz).

Khi x=2, y = 1 thi hai v& ciia phuong trinh (2) ¢6 gi4 trj bing nhau, ta n6i
cap s6 (v ¥) = (2; 1) A mot nghiém clia phuong trinh (2).

Tuong i, bd ba s6 (x ;

2
¥

4 xy+ 2z +2xz

= (=15 1;2) A mot nghiém cia phuong trinh (3).

4. Phuong trinh chifa tham s&
Trong mot phuong trinh (mot hodc nhidu 4n), ngodi cdc chir dong vai trd
dn s6 con c6 thé ¢6 cdc chit khic duge xem nhu nhing hing s6 va duge goi
1a tham so.
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Gidi va bi¢n luan phuong trinh chifa tham s6 nghia 12 xét xem véi gid tri ndo
ctia tham s phuong trinh v6 nghi¢m, ¢6 nghi¢m va tim cdc ngh

Chéng han (m+1)x-3=0,
¥ -2xtm=0

¢6 thé duge coi la cdc phuong trinh 4n x chifta tham s6 m.

11 - PHUONG TRINH TUONG PUONG VA PHUONG TRINH HE QUA

4
Céc phuong trinh sau c6 tap nghiém bang nhau hay khong
4x

a) ¥ +x=0va +x=0? b) ¥ —4=0va2+x

1. Phuong trinh tuong duong

Hai phitong trinh diege goi la twong duong khi chiing c6 cing
tap nghiém.

Vi du 1. Hai phuong trinh 2x = 0 twong duong véi nhau

vi cling ¢6 nghiém duy nhat la x =

2. Phép bién déi tuong duong

DE gidi mot phuong trinh, thong thudng ta bicn ddi phuong trinh d6 thanh
mot phuong trinh twong duong don gian hon. Cdc phép bién d6i nhu vay
duge goi 1a céic phép bién doi tuong duwong.

Dinh If sau day néu Ien mot 6 phép bién ddi tuong duong thudmg sit dung.

DINH Li

Néu thiee hién cdc phép bién déi sau day trén mgt phuong
trinh ma khong lam thay doi diéu kién ciia nd thi ta dige
mot phiong trinh méi twong dwong

@) Cong hay trit hai vévéi cing mot 6 hodc cimg mot biéi thiic ;

b) Nhan hodc chia hai vé vdi ciing mot s& khc 0 hodc voi
citng mot biéu thitc luon ¢6 gid tri khdc 0.




CHOY
Chuyén v& va d6i ddu mot biéu thife thye chat Ia thyc hién phép
cong hay trir hai v& v6i biéu thitc d6.

Ki hiéu. Ta ding kf hi¢u "' dé chi sy twong duong clia céc phuong trinh.

5
"Tim sai 14m trong phép bién ddi sau
1 1 1 1 1

x = 1o x =
x=1 x-1 x=1 x=1 x-1

3. Phuong trinh hé qua
Néit moi nghiém ciia phicong trinh f{x) = g(x) déu la nghiém ciia
phitong trinh £,(x) = & (x) thi phitong trinh f(x) = g,(x) duge
=8(x)-

0i la phutong trink hé qud ciia phicong trinh f(x
Ta viét
f) = 80 = fi(x) = g (v).

Phuong trinh h¢ qué c6 thé c6 them nghi¢m khong phdi 1a nghiem ctia
phuong trinh ban ddu. Ta goi d6 1 nghiém ngoai lai.

Khi gidi phuong trinh, khong phii lGc ndo cling 4p dung duge phép bicn
d6i twong duong. Trong nhi¢u trudng hop ta phai thuc hién cic phép bicn
d6i dua 16i phuong trinh he qua, chang han binh phuong hai vé, nhan hai
V€ cita phuong trinh v6i mot da thie. Lic d6 dé loi nghiem ngoai lai, ta
phai thit lai cdc nghi¢m tim duge.

D6 véi phuong trinh nhiéu dn, ta cling c6 cdc khdi niém twong ty.

Vi du 2. Giéi phuong trinh
x+3
X(x —1)

Gidi. Diéu kién cita phuong trinh (4) 1a x# 0 vi x = 1.

@

Nhan hai v& ciia phuong trinh (4) v6i x(x 1) ta dua t6i phuong trinh hé qua

@) 2>x+3+3(x-1)=x2-x).

=>2+2x=0
S x(x+2)=0.
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Phuong trinh cudi ¢6 hai nghiém 12 x= 0 va x = -2.

Ta thy x = 0 khong thod man diéu ki¢n cita phuong trinh (4), d6 1 nghi¢m
ngoai lai nén bi logi, cdn x =
phuong trinh (4).

2 thod mén diéu kién va I mot nghiem clia
Vay phuong trinh (4) ¢6 nghiém duy nhdt 1a x = ~2.

Bai tap

Cho hai phuong trinh

>
Céng chc v& tuong ting clia hai phuong trinh d cho. Hai

=2va2x

a) Phuong trinh nhén dugc ¢6 tuong duong v6i mét trong hai phuong trinh
di cho hay khong ?

b) Phuong trinh dé ¢6 phai 1a phuong trinh hé qua cila mot trong hai phuong
trinh d cho hay khong ?
Cho hai phuong trinh

4x=5va3x=4.
Nhan cdc vé€ tuong ting cita hai phuong trinh di cho. Hoi
a) Phuong trinh nhén dugc ¢6 tuong duong v6i mét trong hai phuong trinh
di cho hay khong ?

b) Phuong trinh dé c6 phai Ia phuong trinh h¢ qua ciia mot trong hai
phuong trinh da cho hay khéng ?

Giéi c4c phuong trinh
A V3i-xtx=V3-a+l; bartvr-2=v2-x+2;
v 9 >
°) = &) 22 -T-x=Jx-2+3.
Vo1 -1

Giai cdc phuong trinh

a) x+1+ 2 =
x+3




PHUONG TRINH QUY VE
PHUONG TRINH BAC NHAT, BAC HAI

I - ON TAP VE PHUONG TRINH BAC NHAT, BAC HAI

1. Phuong trinh bac nhat
Céch gidi va bi¢n luan phuong trinh dang ax + b = 0 duge tém tat trong

bing sau
ax+h=0(1)
H¢ 56 Kt luan
a0 (1) 6 nghiém duy nhat x = -2
l b =0 | (1) vo nghiém
a=0 ghiem
(b =0 | (D nghiém diing v moi x

Khi @ # 0 phuong tinh ax + b = 0 duge goi 1a phuong trinh bc nhdt
mot an.
1

Gidi va bién luan phuong trinh sau theo tham s6 m
m(x—4)=5x-2.

2. Phuong trinh bac hai
Céch gidi va cong thic nghi¢m ctia phuong trinh bac hai duge tém tat trong

biing sau
a+by+c=0(a#0)(2)

A=b?- dac Két lugn
A>0 (2) 6 hai nghiém phan biet x, , =

. b

A=0 (2) c6 nghiém kép x = ——

2a

A<O (2) v6 nghiem
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% 2
Lap bang trén véi bigt thitc thu gon A"

- s g v s s 13 5
Néu phuong trinh bdc hai ax® + bx + ¢ = 0 (a # 0) ¢6 hai
nghiém xy, x thi
b c
Y Xy == Xy ==
a a
Nagucge lgi, néie hai s6'uva v ¢6 t6ng u+v =S va tich uv = P
thi uva v la cac nghiém ciia phicong trinh

—Sx+P=0.

3

ﬁKhﬁng dinh "N6u a va ¢ téi déu thi phuong trinh (2) 66 hai nghigm va hai nghiem
d6 tréi d&u" co diing khong ? Tai sao ?

11 - PHUONG TRINH QUY VE PHUONG TRINH BAC NHAT, BAC HAI
C6 nhiéu phuong trinh khi gidi c6 thé bién d6i vé phuong trinh bac nhét
hodic bac hai. Sau day ta xét hai trong céc dang phuong trinh d6.

1. Phuong trinh chira dn trong diu gia tri tuyét d&i
Dé giai phuong trinh chta 4n trong diu gid tri tuyét d6i ta cé thé ding dinh
nghia clia gi tri tuyét d6i hodc binh phuong hai v& dé khir diu gid tri tuyét d6i.
Vi du 1. Gii phuong trinh

lv =3l =2x+ 1. 3)
Gidi
Cach 1
a) Néu x > 3 thi phuong trinh (3) tr& thanh x -3 = 2x+ 1. T d6 x = —4.

Gid trj x = —4 khong thoa man di¢u ki¢n x > 3 nén bi loai.

b) Néu x < 3 thi phuong trinh (3) tré thanh —x +3 = 2+ 1. Tir d6 x = i



Gi tri nay thod mén diéu kien x < 3 nén 1a nghiem.
Két lugn. Vay nghiem clia phuong trinh 1a x = %
Cach 2. Binh phuong hai v& cita phuong trinh (3) ta dua t6i phuong trinh
h¢ qui

@) = @-3)%=Qx+1)?

=2 —6x+9=4x% +4x+1

=32 +10x -8 =0.

Phuong trinh cudi c6 hai nghigm I v = ~4 va x = =
- N IO 2
Thit Iai ta thiy phutong trinh (3) chi c6 nghi¢m I x = =

Két Iugn. Vay nghiém cba phuong trinh 1 x = %

2. Phuong trinh chita dn dusi dau cin
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DE gii cdc phuong trinh chta din dudi ddu can bac hai, ta thudng binh phuong
hai v& dé dua vé mot phuong trinh he qua khong chifa dn dudi ddu can.

Vi du 2. Giéi phuong trinh
V2x—3=x-2. @)
Gidi. Diéu ki¢n clia phuong trinh (4) I x > %
Binh phuong hai vé ciia phuong trinh (4) ta dua 16i phuong trinh he qua
@) =>2-3="—dx+4
> 6x+7=0.

Phuong trinh cu6i c6 hai nghiém 1 x=3++2 vd x =3-+2. Ci hai
gid tri nay déu thoa min diéu kién cita phuong trinh (4) , nhung Khi thay
vao phuong trinh (4) thi gid tri x =3 -2 b loai (v€ tréi duong cdn v&
phai am), cdn gid tri ¥ =3 +v2 I nghi¢m (hai v€ cing bing 2 +1).

Két Iugn. Vay nghiem ciia phuong trinh (4) 1 x = 3 + /2.



BAI POC THEM

PHUONG TRINH BAC n

Séch gido khoa bac THCS va THPT da trinh bay
c6ng thitc gidi phuong trinh bac nhat va phuong
trinh bac hai. Cong thic gidi phuong trinh bac ba
mang tén nha Toan hoc Hara Cacda-nd, tuy
nhién Céc-da-no chi 14 nguos 14n déu tin cong b&
cdng thifc dé trong cudn sach "Nghé thust vi dai hay
céc quy tic clia Dai s6 hoc" xudt ban nam 1545.
Téc gia clia céng thic dé I nha Todn hoc Harli-a
tén 1a Tac-ta-gli-a (Nicolo Tartaglia, 1500 - 1557).

Cong thifc Cac-da-nd cho cac nghiém ciia phuong
trinh bacba * + px+¢ =0 la

r

li-a tim ra cong thec nay thi mot
~da-n la Phe-ra-ri (Ferrari, 1522
- 1565) da tim ra cong thiic gii phuong trinh
bac bén, cong thitc nay ciing da dugc cong bs
trong cudn sach ciia Cac-da-nd néu trén

Sau d6 nhiéu nha toan hoc da c§ gang dé tim
cong thirc gidi phuong trinh bac nam, nhung phai
dén Thé Ki XIX hai nha toan hoc tré tudi la A-ben
ngusi Na-uy va Ga-loa ngudi Phap méi ching
minh dugc rang khéng thé giai dugc bang can
thitc phuong trinh dai s6 t8ng quat bac cao hon 4.

Trong qué trinh tim cach gii phuong trinh dai s6
t8ng quét bac 5 bang can thic, A-ben da giai
thich tai sao cac phuong trinh bac 2, 3, 4 ¢6 thé
gidi dugc bing can thitc, con Ga-loa tim ra didu
kién cén va di dé mét phuong trinh 6 bac da
cho (c6 thé 16n hon 4) gidi duge bang can thirc,
Cong lao to I6n ciia Ga-loa qua cong trinh nay 1a
d dt nén mong cho Dai s6 hién dai nghién ctu
cAc c4u tric dai s6 nhu nhém, vanh, trusng,...

il
G. CAC-DA-NO

(Girolamo Cardano,
1501 - 1576)

N. A-BEN
(Niels Henrik Abel,
1802 - 1829)

GA-LOA
(Evariste Galois,
1811 -1832)
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4
b - =
), 3 x+3
d)V2x+5 =2

Giai va bién luan céc phuong trinh sau theo tham s m
aymx—2)=3x+1;
b) m2x +6 = dx +3m ;
¢) @m+ Dx—2m=3x—2.
C6 hai 6 quyt chita s6 quyt bing nhau. Néu Idy 30 qua & r6 thit nhat dua
sang r6 thit hai thi s6 qua & 16 thit hai bang 5 cta binh phuang 56 qui con
lai & 18 th nhat. Hoi s6 qua quyt & mdi rd ltc ban dau la bao nhiéu ?
Giai cdc phuong trinh

2 -72+5=0; b) 3t v 222 —1=0.
Gidi c4c phuong trinh sau bing mdy tinh bo tii (1am tron két qua dén chit
s6 thap phan thi ba)
a)2:2 —S5x-4=0; b) -3x% +dx +2 =0,
)32 +Tx+4=0; d)9x% —6x-4=0,
Huong ddn cdch gidi cdu a) : Néu sir dung mdy tinh CASIO fi

4n lién ti€p cdc phim
[ B El

man hinh hi¢nra x; = 3.137458609.

500 MS, ta

=

An 1iép.

[=] man hinh hign ra x, = ~0.637458608.

Lam tron ket qui dén chit s6 thap phan thit ba ta duge nghiém gin ding
ciia phuong trinh 1d x; = 3,137 Vi x, ~ ~0,637.

Gidi céic phuong trinh

a)Bx-2l=2x+3; b) 2x -1l =|-5x -2 ;



dl2x+5= % +5c+1.

c phuong trinh
a)\/g»f =x-6; V3-x=Vr+2+1;
V2l +5=x+2; dVar? +2x+10 = 3x + 1.

8. Cho phuong trinh 3x% — 2(m + D)x +3m =5 = 0.

Xdc dinh m dé phuong trinh ¢6 mot nghi
nghi¢m trong trudng hgp dé.

ém gdp ba nghiém kia. Tinh chc

PHUONG TRINH VA HE PHUONG TRINH

iig BAC NHAT NHIEU AN

1 - ON TAP Vi PHUONG TRINH VA HE HAI PHUONG TRINH
BAC NHAT HAI AN

1. Phuong trinh bac nht hai 4n
Phucong trinh bdc nhdt hai dn x, y c6 dang tong qudt la
)

trong d6 a, b, ¢ la cdc hé 56, véi diéu kién a va b khong dong
thoi bang 0.

ax + by

R‘
Cap (1 : -2) ¢ phai la mot nghiém ciia phuong trinh 3x — 2y = 7 khong ? Phuong
trinh d6 con c6 nhiing nghigm khac nita khong ?

CHU Y

) Khi a = b = 0 ta ¢6 phuong trinh Ox + Oy = ¢. Néu ¢ # 0
thi phuong trinh nay vo nghi¢m, con néu ¢ = 0 thi moi cap s6
(X0'3 Yo) déu 12 nghiem.
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Az

Hay biéu din hinh hoc tap nghiém ciia phuong trinh 3x -2y = 6.

b) Khi b # 0, phong trinh ax + by = ¢ tré thanh
a_ ¢
y=——xt— 2
E b b @
Cap 56 (xg ; o) la mot nghiém cita phuong trinh (1) khi va
chi khi diém M(xy ; ) thuoe dudmg thing (2).

Téng qudt, ngudi ta chitng minh dige rang phiong trinh bac

nhdt hai dn luon luon 6 vo s6 nghi¢m. Biéu dién hinh hoc
tdp nghiém ciia phicong trinh (1) 1a mgt dicomg thing trong

mdt phéng toa dj Oxy.

2. Hé hai phuong trinh bac nhat hai an
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3

H¢ hai phicong trinh bac nhdt hai dn c6 dang tng qudt la

{ul,\ +hy=¢

3)
@x+by=c

trong dé x. y la hai dn
Néit e
trinh ciia hé thi (xq ;5 yo) dige goi la mot nghiém ciia hé
phitong trinh (3).

cde chit con lai la hé 6.

p 56 (xg ; dong thoi la nghiém ciia cd hai phitong

Gidi hé phong trinh (3) la tim tdp nghiém ciia né.

a) C6 may cach giai hé phuong trinh

4x-3y=9
2+ y=57

b) Diing phuong phap cong dai s6 dé giai hé phuong trinh

C6 nhan xét gi v& nghiém ctia hé phuong trinh nay ?



11 - HE BA PHUONG TRINH BAC NHAT BA AN
Phuong trinh bac nhét ba dn ¢6 dang tng quét 1a
ax+by +cz=d,
trong d6 x, y, z 1 ba dn ; a, b, ¢, d 12 cdc he s6 VA a, b, ¢ khong dong thdi
bing 0.

Hé ba phutong trinh bic nhdt ba dn c6 dang t6ng quat la

ax + by + ¢z = 4
ax + by + z = dy “4)
ax + by + ooz = dy

trong dé x, y, z la ba dn ; cdc chit con lgi la cde hé s6.
MGi b ba I Yo 5 o) nghiém diing cd ba phicong trinh
ctia hé dige goi la mot nghiém ciia hé phuwong trinh (4)

(¢

s 17 3.3 . . 5
Chang han, [7 Ly 7j Ia nghi¢m cita h¢ phuong tiinh
47 42
x+3y-2z=-1
3
= ®)
X+2y+2z= 1
2
2x+3y+5z2=-2 (6)

~4x-Ty+ z=-4.

He phuong trinh (5) ¢6 dang dac biét, goi 1 h¢ phuong trinh dang tam gidc.

Vige gidi h¢ phuong trinh dang ndy rdt don gian. Tir phuong trinh cudi tinh
duge z r6i thay vdo phuong trinh thi hai ta tinh duge y va cudi cling thay z
va y tinh duge vao phuong trinh ddu s tinh dugc x.

4
RHE\/ gidi hé phuong trinh (5).
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Moi h¢ ba phuong trinh bic nhdt ba fn déu biéh déi duge vé dang tam
gidc, bing phuong phép khir ddn dn s6'”. Ching han, sau day I céch gidi
hé phuong trinh (6).

Gidi. Nhan hai v& cita phuong trinh thi nhat cita h¢ (6) véi ~2 r6i cong vio
phuong trinh thit hai theo timg v€ tuong ng, nhan hai v cita phuong triinh
thi nhat v6i 4 r6i cong vao phuong trinh thit ba theo timg v& tuong tng, ta
duge hé phuong trinh (i Khir x & hai phuong trinh cudi)

1

X+2y+2z = —
X+2y+ 5
-y+ z =-3
y+9z =-2.

Tiép tue cong che v tuong ting ciia phuong trinh thit hai va phuong trinh
thit ba ctia h¢ m6i nhan duge, ta duge h¢ phuong trinh twong duong dang
tam gidc

1

X+2y +2z = —
2

-y+z =-3
10z =-5

(*) Phuong phip ndy do nha todn hoe Pic Gau-xo (Gauss, 1777 — 1855) tim ra, nén cling
con goi Ia phuong phip Gau-xo.



BAI POC THEM

Trong kho tang van hoa dan gian Viét Nam
6 bai toan "Tram trau tram co" sau day

Tram tréu tram cé,

Tréu ding an nam,

Tréau ném an ba,

Lu khy tréu gia,

Ba con mot bo.
Hoi ¢6 bao nhiéu trau ding, bao nhiéu
trau nam, bao nhiéu trau gia ?
Gidi. Goi 6 trau dl’mg la x, 6 trau nam
la y, s6 trau gia la /4 nhiing s6
nguyén duong nhd hon 100). Ta co he
phuong trinh

Sx+3y +-: 100

Day la hé hai phuong trinh bac nhat ba &n, néu khong tinh dén didu kien
ciia &n thi hé phuong trinh nay c6 v6 s6 nghiém (néu khi - ta dugc mot phuong
trinh bac nhét cia hai &n 7x + 4y = 100).

Tuy nhién, vi x, y, z phai la nhiing s& nguyén duong nhd hon 100, nén chi c6 mot s6
hitu han nghiém, cu thé & day ¢ ba nghiém

Bai toan dan gian & trén thudc loai phuong trinh Di-6-phing (mang tén nha toan
hoc c8 Hi Lap la Diophante).
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Bai tap

Cho h¢ phuong trinh
Tx-5y=9
14x ~10y = 10.

a0 khong cén gidi ta ciing két luan duge h¢ phuong trinh ny vo nghiém ?

3x+4y=5
b)
4x-2y=2.

c h¢ phuong trinh

) 0,3x-0,2y =0,5
0,5x + 0,4y = 1,2

Hai ban Van va Lan déh cifa hang mua tréi cay. Ban Van mua 10 qué quyt, 7
qui cam véi gid tién 13 17 800 ddng. Ban Lan mua 12 qua qugt, 6 qua cam
hét 18 000 déng. Hoi gid tién mdi qua quyt va méi qué cam 1a bao nhicu ?

C6 hai day chuyén may 4o so mi. Ngdy thtt nhit i hai day chuyén may duge
930 do. Nghy thi hai do day chuyén thi nhét tang nang suit 18%, day chuyén
tht hai tang nang sudt 15% nén cA hai day chuyén may duge 1083 do. Hoi
trong ngdy tht nhat m3i day chuyén may duge bao nhiéu do somi ?
Giai cdc h¢ phuong trinh
x+3y+2:=8 x-3y+2z=-7

a)J2v+2y+ z=6 by {-2v+4y+3z=8

3x+ y+ z=6; 3x+ y- z=5.

Mot cifa hang bén 4o so mi, quin au nam va vdy nit. Nedy thi nhat bén
duge 12 do, 21 qudn va 18 véy, doanh thu 1 5349 000 déng. Ngay the hai
bén duge 16 fo, 24 quin vi 12 véy, doanh thu 1a 5 600 000 déng. Ngdy tha
ba bén duge 24 do, 15 quin va 12 vy, doanh thu 1 5 259 000 déng. Héi
gid bén mdi 4o, mdi quan vA mdi vdy Ia bao nhieu ?

Gii céc h¢ phuong trinh sau bang mdy tinh bd tGi (lam tron két qua dén
chit 56 thap phan th hai)

) [Be-sv=6 gy [ 2=
a
4x+7y=-8; Sx+2y=4




- x+2y-3z=2
d){ 2x+ y+2z=

3y+ z

Huéng dén cach gidi can a)

Néu sit dung mdy tinh CASIO fx—500 MS ta dn lién ti€p ddy ce phim

CEEHEBEEEE

thiy hicn ra trén man hinh x = 0.048780487.
An tiép phim [=] ta thay man hinh hi¢n ra y = ~1.170731707.

Lam tron két qua dén chit s6 thap phan thif hai ta duge nghiem gn ding cita
he phuong trinh Ia

X~ 0,05

¥ LI,

Huéng dén cch gidi can c)

Néu sit dung méy tinh CASIO fr—500 MS ta dn lién tiép day cae phim

thdly hi¢n ra trén man hinh x = 0.217821782.
An tiép phim [=] ta thdy man hinh hién ra y = 1.297029703.
An tiép phim [=] uren man hinh hién ra z = ~0.386138613.

Vay nghiém gdn déng cita h¢ phuong trinh 1a (lam tron két qua dén chit s6
thip phén thi hai)

x=0,22
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ON TAP CHUONG III

Khi nao hai phuong trinh duge goi 3 twong duong ? Cho vi dy.
The ndo 13 phuong trinh he qué ? Cho vi du.
Giai cdc phuong trinh
A Vr-5+x=vx-5+6; DVl—x+x=dr-1+2;
2
8 2
) — = —; B3+V2-x=ax? —x+x-3.
vr-2 Jx-2
Gidi cdc phuong trinh
) 3x+4
x-2

4=x

) Va

Gii cdc he phuong trinh :

2x+5y=9 b [Prrav=12
a
4x+2y=11; Sx-2y=17;
g [SrHw=1s
4x-5y=6.

Hai cong nhan duge giao viée son mot b tudng. Sau khi ngudi tht nhat

am duge 7 g vi ngudi the hai lm duge 4 i thi ho son duge - bite

{udng. Sau d6 ho ciing 1am viéc véi nhau trong 4 gid nia thi chi con lai %
bifc turdng chura son. Hoi néu mGi ngudi 13m riéng thi sau bao nhi¢u gidy mGi
ngudi méi son xong bifc tudng ?
Gisi céc hé phuong trinh

2e-3y+ z=-7 x+dy-2z= 1
6 b) {—2x+3y +
55 348y -




3

=

. Diéu ki¢n clia phuong trinh x +2 —

Ba phan s6 déu c6 tir s6 13 1 vi tdng cita ba phan s6 d6 bang 1. Hiéu clia
phan s6 th nhat vi phan s& thif hai bing phan s tht ba, con téng clia
phan s6 thif nhdt va phan s& thit hai bing 5 lin phan s th( ba. Tim cdc
phan 56 dé.

Mot phan xudng duge giao san xudt 360 sin phim trong mot sG ngay nhat
dinh. Vi phan xudng tang nang sut, mdi ngay lam thém duge 9 san phdm
50 v6i dinh mic, nén trude khi hét han mot ngay thi phan xudng da lam
Vgt s6 s

phim duge giao la 5%. Hoi néu van tiép tue 1am viée véi nang
sudt d6 thi khi dén han phan xuémg Am duge tdt i bao nhieu sin phim ?

Gii cc phuong trinh sau bang méy tinh bd tii
2 b 2 —-0-
@) 5x2 —3x-7=0; b) 32 +4x+1=0;

0; d) V222 +5x++8 = 0.

¢) 0,222 +1,2x

Giai cdc phuong trinh

a) [4x-9[=3-2x; b) [2x + 1] = 3x + 5.

Tim hai canh ciia mot ménh vudm hinh chit nhat trong hai trudng hgp
a) Chu vi 13 94,4 m va dién tich 12 494,55 m>.

b) Hicu cita hai canh 13 12,1 m va dién tich a 1089 m”.

Hai ngudi quét san. C4 hai ngudi cling quét san hét 1 gis 20 phiit, trong khi
néu chi quét mot minh thi ngudi thi nhat quét hét nhiéu hon 2 gidy so véi
ngudi thit hai. Hoi m3i ngudi quét san mot minh thi hét may gid ?

Bdi tGp tréc nghiém

Chon phuong dn diing trong cdc bai td
1 a3

Va+2 x+1
4

(A)x>-2vaxz-1; (B)x>-2vix< 2.

(C)\>—2,\'t—lvk,\'s%, D)x#-2vax#-1.



(m® +2)x +2m
x

15. Tap nghiém cia phuong trinh =2 trong trudng hop m % 0

@ {73} : ®o.
i

OR; (D) R\ (0}.
16. Nghiém ciia h¢ phuong trinh

17. Nghiém ciia h¢ phuong trinh
3x-2y-
—4x+3y-2

D) (-5;-7;-8).
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BAT DANG THUC
Chuong BAT PHUONG TRINH

Hai ngi dung co ban clia chuong la bét dang thuc va

bt phuong trinh. Cac van dé nay da duoc hoc tir nhing
16p duéi.

Chuong nay sé cling ¢6 va hoan thién cac ki nang chiing
minh bét déng thic va giai bét phuong trinh. Ngoai cac
phép bién déi tuong duong, hoc sinh con dugc hoc cach
xét ddu nhj thiic bac nhat va tam thuc béac hai lam co s
cho viéc gii cac bét phuong trinh va hé bat phuong trinh.

BAT BANG THUC. BAT PHUTNIG TRINH




BAT PANG THUC

I - ON TAP BAT DPANG THUC
1. Khai niém bat ding thic
A
Trong c4c ménh dé sau, ménh dé nao ding
a)325<4;
1
b)-5> 4= ;
)-5> s

o) 2537

2
ﬂcmn déu thich hop (=, <, >) & khi dién vao 6 vuéng ta dugc mét ménh dé dung.
a) 242 [:] 3
4 2t
n3 5
0 3+22 [Ja+v2)?;
d) a® +1[] 0 véialametss da cho.
|l Cdc ménh dé dang "a < b" hodc "a > b" diige goi la bdt
ddng thirc.
2. Bit ding thic hé qua va bat ding thirc tuong duong

Néuménh dé "a < b => ¢ < d” diing thi ta ndi bt ding thitc
¢ < d la bat ddng thitc hé qud ciia bdt ddng thic a < b va

ciing viétlaa<b=c<d.

Chang han, ta da bi¢t

a<bvab<c= a<c (tinh chat bic ciu).

a<b,ctuyy= a+c<b+c(tinh chit cong hai v& bit ding thic véi
mot s6).
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Néu bt ddng thic a < b la hé qud ciia bdt déng thitc ¢ < d va
ngicge lai thi ta néi hai bat déng thitc tuong dwong véi nhau
laa<bec<d.

3
ﬂchn’mg minhrdng a <b < a-b<0.

3. Tinh chat clia bat dang thic

Nhu vay dé chiing minh bét ding thic @ < b ta chi
Téng quét hon, khi so sdnh hai s ac ching minh mot
déng thic, ta ¢6 thé sit dung cdc tinh chdt ctia bit ding thie duge t6m tat
trong bang sau

in ching minh @ — b < 0.

Tinh chdt

Tén goi

Diéu kién Noi dung

Cong hai v& ciia bt ding

a<b<a+c<b+c Vi
thitc v6i mot s6

c>0 a<boac<be Nhan hai v& cia bt ding

<0 a<beoac>be thtcvéimotsd

Cong hai bit dang thic

a<bvic<d=a+c<b+d| 8 M
cling chiéu

Nhan hai bdt ding thdc

a>0,¢>0 a<bvac<d=ac<bd N L
ciing chiéu

ne N a<be @ < pt!

Nang hai vé& cita bit ding

" v thic 1én mot 1u thira
ne N w 4<his < gt ¢ 1en mot 1u thita
a>0
i a<be Va<b Khai céin hai v& cila mot bt

ding thie
a<be Ya <P g

% 4
Néu vi du ap dung mét trong cac tinh chat trén.



CHOY

Ta con gap cdc ménh dé dang a < b hodc a > b. Cdc ménh dé
dang nay ciing duge goi la bit déng thic. D& phan bigt, ta goi
chiing 13 céc bdt dang thitc khong ngdt va goi céc bit ding thic
dang a < b hoac a > b 1a céc bt déng thitc ngat. Céc tinh chat
néu trong bang trén ciing ding cho bét dang thic khong ngat.

11 - BAT DANG THUC GIUA TRUNG BINH CONG VA
TRUNG BINH NHAN (BAT PANG THUC CO-SI)

1. Bt ding thic Co-sil”

DINH LI

Trung binh nhén ciia hai s6 khong am nhd hon hodc bing
trung binh cong ciia chiing.

JES%", Va, b >0, )

i i+ b
Bing thite ab =

xdy ra khi va chi khi a = b.

Chiing minh

Tacé  ab- %”

Sa+b-24ap) - %(JZ—«/E)Z <0.

Vay Jab << ;’ b
Ding thiic xy ra khi va chi khi (a - vb)> = 0, tte Ia khi va chi khi a=b.

2. Cac hé qua

HE QUA 1

Téng ciia mot
bing 2

5 ditong voi nghich ddo ciia né 16n hom hodc

Va > 0.

1
a+—22,
a

(¥) Augustin Louis — Cauchy, 1789 — 1857.
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HE QUA 2

Néiu x, y ciing dicong va c6 tong khong doi thi tich xy lén
nhdt khi va chi khi x = y.

x +y. Ap dung bit ding thic Co-si ta c6

Chiing minh.
X+y

2
=2 dodsry<S.
2 2 4

Ding thifc xdy ra khi va chi khi x =y = %

N -
Vay tich xy dat gid tri 16n nhdt bing = khi va chi khi

¥ NGHIA HINH HOC
Trong tdt cd cic hinh chit nhat ¢6 cing chu vi, hinh vuéng cé
dién tich 1n nhdt (h.26).

A B
Lem E F
D e H G
Hinh 26
HE QUA 3

nhdt khi va chi khi x

[ Néiu x, y ciing duong va 6 tich khéng d6i thi 16ng x + y nhé ]
y-

Y NGHIA HINH HOC

Trong tdt cd cdc hinh chit nhat ¢6 cing dién tich, hinh vuong ¢6
chu vi nhd nhdt (h.27).
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A B
Lom?|
E F
D . 54 H G
Hinh 27
Hay chiing minh hé qua 3.
111 - BAT PANG THUC CHUA DAU GIA TRI TUYET BOI
6
Nhéc lai dinh nghia gié tr tuyét déi va tinh gié tri tuyét di ciia céc s6 sau
2)0: b) 125 ) 7%‘ d)-n.
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Tir dinh nghia gid tri tuyét d6i, ta ¢6 céc tinh chat cho trong bang sau

Diéu kién

Noi dung

Id > 0,1 > x, [d

a>0

Id<ae-asx<a

|l2a e x<-ahogcxza

lal - 16l < la + bl < lal + bl

Vi dy. Cho x € [-2 ; 0]. Ching minh ring |x + 1/ < 1.

Giai

xe[2;0]=>-2<x<0

=>-2+1<x+1<0+1
=>-l<x+1<1

=S+l



Bai tap
1. Trong cc khing dinh sau, khang dinh ndo déing véi moi gi tri cita x 2
a) 8v > dx s b)dx > 8x;
) 8x2 > 4x?; d)8+x>4+x
. Cho s6.x > 5, 56 nao trong cdc 56 sau day I s6 nhé nhat 2
5
C==-1;
x
nh ctia mot tam gids

X
3. Choa, b, cla do dai ba

a) Chiimg minh (b - ¢)? < a® ;
b) Tir dé suy ra a® + b% + ¢>< 2 (ab + be + ca).
4. Ching minh ring
Py 2y 0%, Va2 0,Vy20.

Chiing minh ring

+x-Jr+1>0, Vx>0,

Hung dén. Dat x = 1, xét hai trudmg hop 0 < v < 15x> 1.

6. Trong mit phiing toa do Oxy, trén céc tia Ox va Oy lin lugt 14y céc diém A
v B thay di sao cho dudng thing AB luon tiép xdc véi dudmg tron tam O
bén kinh 1. Xdc dinh toa do ctia A vA B dé doan AB ¢6 d¢ dai nhé nhit.

CHI DAN LICH SU

Co-si la nha toan hoc Phap. Ong nghién citu nhiu finh vic
Toan hoc khéac nhau, cong b& hon 800 cong trinh vé SG hoc,
Li thuyét s6, Dai s8, Giai tich toan hoc, Phuong trinh vi phan,
Ca hoc i thuyét, Co hoc thién thé, Vat Ii toan

Céc cong trinh ciia Co-si cho théy o nhugc diém ciia viée
dua vao tryc giac hinh hoc dé suy ra cac két qua t& nhi ca
Giéi tich. Ong dinh nghTa mét cach chinh xac cac khai niém

A.CO-SI giéi han va lién tuc clia ham s6. Ong xay dung mét cach chat
4Aueu;ﬂ" Louis Cauchy, chg Li thuyét hoi ty clia chudi, dua ra khai niém ban kinh hoi ty.
789 - 1857)
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Ong dinh nghia tich phan Ia giéi han clia cc téng tich phan
va chiing minh sy tn tai tich phan clia cac ham s6 lién tuc.
Ong phét trién co s& cila Li thuyét ham s6 bign s& phitc. V&
Hinh hoc, v& Dai s6, vé Li thuyét s6, vé Co hoc, vé Quang
hoc, vé Thién van hoc, Co-si déu c6 nhitng céng hién 16n lao.

BAT PHUONG TRINH VA
HE BAT PHUONG TRINH MOT AN

I - KHAI NIEM BAT PHUONG TRINH MOT AN

1. B4t phuong trinh mét an

1
ﬁcr‘o mét vi du vé bét phuong trinh mét &n, chi o vé trai va vé phai clia bat phuong
trinh nay.
Bt phicong trinh dn x la ménh dé chita bién ¢6 dang
f) <g)  (fv) <) a0
trong dé fx) VA g(x) la nhitng biéu thitc ciia x.
Ta goi fx) va g(x) ldn lugr 1 vé i va vé phdi ciia bdt phiong
trink (1). $6'thiee x, sao cho f(xg) < 8(xg) (f(xg) < 8(xp)) la

ménh dé diing duge goi la mot nghiém ciia bat phicong trink (1).

Gidi bat phwong trinh la tim tdp nghiém ciia né, khi tip
nghiém réng thi ta ndi bt phuong trinh vo nghiém.

CHUY

Bit phuong trinh (1) ciing ¢ thé viét lai dudi dang sau

8 >fl) - (g(x) = fx).
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2
ﬂcho bét phuong trinh 2x < 3.

a) Trong céc s6 -2 ; z% ;n; V10 s6 nao la nghiém, s6 ndo khong 4 nghiém ciia bét

phuong trinh trén ?
b) Giai bét phuong trinh d6 va biéu di&n tap nghiém ciia n6 trén truc s.

2. Diéu kién clia mot bat phuong trinh

Tuong ti doi véi phuong trinh, ta goi cdc diéu kién ciia dn s6°
v dé f(x) va g(x) c6 nghia la diéu kién xdc dinh (hay goi it la
diéu ki¢n) ciia bdt phicong trinh (1).

Ching han dicu kién cita bit phuong trinh

Box+drrl<a?

A3 -x>0vax+120.

3. Bat phuong trinh chira tham s&

Trong mot bit phuong trinh, ngoai
cdc chit khic duge xem nhu nhing

c chit déng vai trd in s6 con 6 thé ¢6
ing 56 va duge goi 13 tham s6. Gidi va

bién luan bét phuong trinh chita tham s6 1a xét xem véi cdc gié tri ndo cia
tham t phuong trinh v6 nghi¢m, bt phuong trinh ¢6 nghi¢m va tim

cée nghiém d6. Chang han
@m-Dx+3<0

2 -mx+120

¢6 thé duge coi 1 nhitng bt phuong trinh 4n x tham s m.

I — HE BAT PHUONG TRINH MOT AN
H¢ bit phuong trinh dn x gom mot s6' bt phiuong trinh dn x
ma ta phdi tim cdc nghiém chung ciia ching.
MGi gid tri ciia x dong thoi la nghi¢m ciia tdt cd cdc bat
plitong trinh ciia hé dige goi la mot nghiém ciia hé bdt
phuong trinh da cho.
Gidi hé bat phicong trinh la tim tdp nghiém ciia né.
DE gidi mot hé bt phuong trinh ta gidi ting bdt phiong trinh
réi 1dy giao ciia cdc tap nghiém.
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Vi dy 1. Gii hé bat phuong tiinh
3-x20
{.\ +120.
Gidi. Giai timg bat phuong trinh ta c6
3-x2032x
x+120&x2-1.

Biéu dién trén tryc s8 cdc tap nghiém cilia céc bt phwong trinh nay ta dugc
3

“Tap nghiém cita 3 - x>0 3

“Tap nghiém citax + 120

]
Giao cita hai tap hop trén 12 doan [~1 ; 3].

Vay tap nghiém cita hé 13 [~1 ; 3] hay cdn ¢6 thé viét 1a—1 < x < 3.

111 - MOT SG PHEP BIEN POI BAT PHUONG TRINH

1. Bat phuong trinh tuong duong

3
ﬂHal béit phuong trinh trong vi du 1 o6 tuong duong hay khong ? Vi sao ?

Ta di biét hai bdt phiong trinh c6 cing tap nghiém (c6 thé
rdng) la hai bdt phwong trinh twong dwong vi ding ki hi¢u
"' dé chi su niong dicong ciia hai bdt phicong trinh d6.
Tuong tw, khi hai hé bt phuong trinh c6 cing mot tdp nghiém ta
ciing néi chiing twong diong véi nhau va ding ki hiéu "<" dé
chi sy twong ditong do.

2. Phép bién déi tuong duong

DE gidi mot bit phuong trinh (hé béit phuong trinh) ta lién tiép
bién doi né thanh nhitng bdt phicong trinh (hé bat phicong trinh)
tuong diong cho dén khi dicge bdt phiong trinh (hé bt phuong
trinh) don gidn nhdt ma ta cé thé viét ngay tap nghiém. Cdc phép
biéh d6i nhie vdy dicge goi 1a cdc phép bién doi tiong diong.
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Chéng han khi giai he bdt phuong trinh trong vi du 1 ta 6 thé viét

3-x20 3zx
< ©-1<x<3.

¢ +120 x2-1
Dudi day ta s¢ ldn lugt xét mot s6 phép bicn d6i thudmg sir dung khi giai
bét phuong trinh.
Cong (trir)
Cong (trir) hai vé ciia bdt phuong trinh véi ciing mot biéu thitc

ma khong lam thay doi diéu kién ciia bdt phuong trinh ta diege
mot bdt phuong trinh twong dicong.

P() < Q() & P(x) +flx) < Q) + flx)

Vi du 2. Giéi bit phuong trinh

@+2)2r-1) 2<%+ (- D +3).
Phan tich bai todn
Khai trién va riit gon timg vé& ta dugc bat phuong trinh

27 +3x -4 <227 +2¢ -3,

Chuyén vé va déi ddu cdc hang tir cita v& phi bt phuong trinh nay (thye
chit 13 cong hai v€ clia bit phuong trinh v6i bidu thic ~(247 + 2x - 3) ta
duge mot bit phuong trinh da biét cach gidi.
Gidi

(r+2)2x 1) =22 x% +(x - I)(x +3)
o2 tax-x-2-25 +x —x+3
2@ +3v-423+2¢-3
2P +3x-4- 22 +2x-3) <0
Sx-1<0
oxsl.

Vay tap nghi¢m ctia bt phuong trinh 12 (=20 ; 1].

Nhn xét. Néu cong hai vé clia biit phuong trinh P(x) < Q(v) +f(x) véi bicu
thifc ~f(x) ta duge bat phuong trinh P(x) - f(x) < Q). Do d6

P(x) < Q(x) +f(x) & P(x) - fix) < Q).
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4.

5.

84

Nhu vay chuyén vé& va d6i ddu mot hang tir trong mot bit phuong trinh ta
duge mot bat phuong trinh twong duong.

Nhan (chia)

Nhan (chia) hai vé ciia bdt phuwong trinh véi ciing mot biéu
thite luon nhan gid tri diwong (ma khong lam thay doi diéu
kién ciia bdt phiong trinh) ta dige mot bdt phicong trink
tuong dicong. Nhan (chia) hai vé ciia bt phicong trinh véi
rung mot biéu thitc luén nhan gid tri am (ma khong lam thay
doi diéu kién ciia bt phuong trinh) va doi chiéu bdt phiong
trinh ta duge mot bdt phicong trinh tuong dicong.

P(x) < Q) & P()Ax) < Q().A(x) néu fix) >0, Vx
P(x) < Q(x) © P(X).f(x) > Q(x).f(x) néu f(x) < 0, Vx

Vi du 3. Giai bit phuong trinh

Parx+l Py

242 2 41

Phan tich bai todn. Méu thic clia hai v€ bét phuong trinh Ia nhiing biéu thic
luén duong. Nhan hai vé ciia bét phuong trinh véi hai biéu thifc luén duong
d6, ta duge mot bat phuong trinh tuong duong.

Gidi

2 2

+x+1

PLax
242 24l
o (,\2+ X+ 1)(,r2+ 1) >(\z + \)(,r2+ 2)
e S S B T
N T
S-x+1>0ex<1.
Viy nghiém cita bit phuong trinh 1a v < 1.

Binh phuong

Binh phiiong hai vé ciia mot bdt p/umng trinh ¢6 hai vé' khong
am ma khéng lam thay doi diéu kién ciia né ta dugc mot bat
phicong trinh twong dicong.

P(1) < Q) & PA(x) < Q2(x) néu P(x) = 0, Q(x) = 0, Vx




Vi du 4. Gidi bit phuong trinh

N2 +2x 42 >4 - 2043

Gidi. Hai v& bit phuong trinh déu c6 nghia va duong véi moi x. Binh
phuong hai v& bét phuong trinh ndy ta duge

(«).\-2 F2x+ 2)2 > («l.\-z —2x+ 3)2

o +2x+2>x2-2x+3
<dx>1

P
4

. i s s 1
Vay nghiém cua bét phuong trinh 12 x > a
Chay
Trong qué trinh bién d6i mot bit phuong trinh thanh bit phuong trinh
tuong duong cén chd § nhimg diéu sau
1) Khi bién doi cac biéu thitc & hai vé ciia mot bdt phicong
trinh thi diéu kién ciia bét phicong trinh ¢6 thé bi thay doi. Vi
vay, dé tim nghiém ciia mot bt phiong trinh ta phdi tim cdc
gid tri ciia x thod man diéu kién ciia bét phiong trinh dé va la
nghiém ciia bdt phuong trinh mai.

Vi du 5. Giéi bit phuong trinh
5,\'+2~/3—_\7] Lx 4-33-x
4 4 6
Gidi. Diéu kign 3 - x> 0.
Tacé
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86

Két hop véi diéu kién clia bt phuong trinh, ta cé nghiém clia bt phuong
trinh 12 nghiém ciia he

He bit phuong trinh ndy c6 nghiém 1A 5 < x <3

Két Iugn. Nghiém clia béit phuong trinh da cho la % <x<3

2) Khi nhan (chia) hai vé ciia bdt phiong trinh P(x) < Q(x)
V6i biéu thite f(x) ta cdn heu § dén diéu kién vé ddu ciia fx).
Néu f(x) nhdn cd gid tri dwong lan gid tri am thi ta phdi ldn
liegt xét ting truong hop. Méi truong hop dan dén mot hé bdt
plutong trinh.

Ta minh hoa diéu ndy qua vi du sau.

Vi du 6. Gidi bit phuong trinh

Gidi. Diéu kién x # 1.

a)Khix—1<0 (te 1A v < 1) ta o6 — 7 <0. Do d6 trong rudng hop ndy

moi x < 1 déu khéng 1a nghiém ciia bt phuong trinh hay bét phuong trinh
v6 nghiém.

b) Khi x — 1 > 0 (tdc a x > 1), nhan hai v& ciia bat phuong trinh di cho véi
x — 1 ta duge bit phuong trinh twong dwong 1 > x — 1. Nhu viy trong
trudng hop nay nghiém cua bét phuong trinh di cho Ia nghiém ciia he

12x-1
x>1
Giai hé nay ta duge nghiem a 1 < x < 2.
Két Iugn. Nghiém cita bat phuong trinh di cho la 1 < x < 2.
3) Khi gidi bt phicong trinh P(x) < Q(x) ma phdi binh phicong
hai vé'thi ta ldn lugt xét hai truong hop :
a) P(x), Q(x) citng c6 gid tri khong am, ta binh phiong hai vé'
bt phuong trinh.
b) P(x), Q) citng ¢6 gid
P) < Q1) < - Q) < -P()
16i binh phicong hai vé bt phuong trinh mi.

i dm ta viét




Vi du 7. Gidi bit phuong trinh

Gidi. Hai vé cita bt phuong trinh ¢6 nghia véi moi x.
a) Khi x + % <0 (ticla x < -%). & phai ciia bat phuong trinh am, V& tréi
duong nén trong trudng hop nay moi x <—% déu 1a nghiém clia bat

phuong trinh.

b) Khi x + % >0 (the 1 x> ; ), hai v€ cita bat phuong trinh da cho déu
khéng 4m nén binh phuong hai v& clia né ta duge bét phuong trinh tuong

17 1 y - " 5 -
duong 2 +7 > %+ x +Z' Nhu vay, nghi¢m cla bit phuong trinh da
cho trong trudng hop nay la nghiém cua hé

1
xz-=
2

,\'2+u>v\2+,\+l
4 4

Gidi hé ndy ta duge nghiém 1a 7% <x<4
Téng hop lai, nghiém cita bit phutong trinh d cho bao gém
1 1
r<-—va-—<x<4
272

Két Iugn. Nghiém clia béit phuong trinh da cho 13 x < 4.

Bai tap
Tim cdc gid tri x thod man diéu kién clia m&i bit phuong trinh sau
a) 1L H 2 H
x X+1 4x+3

PP P k) & WT—F > 35+ —

x+1 x+4
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Chitng minh céc bit phuong trinh sau v6 nghiém

2 2 +dre8<-3;
by Jl+2(-3)2 +V5—4x + 22 <%;
O Vl+a2 —VT+22 51

Giéi thich vi sao cdc cip bt phuong trinh sau tuong duong ?

a)—4x+1>0vadx-1<0;
b2 +5<2v— Va2 - 20 +6<0;

1 1

c)x+1>0vax+1+ 5.

2 +1

&) Vr—1 2xva v+ DVx - 12 x(2x + 1)

Giéi céc bt phuong trinh sau

+1

3l =2 :
_——=c
2 3 4

a)

b) @x-Dx+3)-3x+1<(x-Dx+3)+2> -5

Giéi cdc he bit phuong trinh

6x +§ <4x+7
¥

)
B i8 seus,
2

15x-2>2v 42
b) 3

3x-14
2Ax-4)<=——
(x—4) 7



DAU CUA NHI THUC BAC NHAT

I - PINH Lf VE DAU CUA NHI THUC BAC NHAT

1. Nhj thifc bac nhit

Nhi thitc béc nhdt d6i véi x la biéu thitc dang fx) = ax + b
trong d a, b la hai 56 d cho, a = 0.

1
Ra) Giai bét phuong trinh —2x + 3 > 0 va biéu dién trén truc s6 tap nghiém cia noé.
b) Tir d6 hay chi ra cac khoang ma néu x 14y gié tri trong o thi nhj thifc fix) = 2x + 3
6 giatri
Trai d&u véi hé s6 cliax ;
Ciing déu véi hé s cia x.

2. Dau chia nhj thirc bac nhat

DINH Li

Nhi thitc f(x) =ax +b ¢6 gid tri cimg ddit v6i hé 56 a khi

I ; b I P
ldy cdc gia tri trong khodng| ——; + |, trdi ddu véi hé s6’a
a

khi x 1dy cdc gid tri trong khodng [—x‘ - —’].
a

Chitng minh. Ta ¢6 f(x) = ax + b = u(,\‘ + 1—’]
a

Véix> -2 thix+2 >0 nenfir)= u[,\ + ) cling ddu véi hé 56 a.
a a

a

b b b )
Véix< -2 thi x+= <0 nénfix) = u(\‘ + —’] trdi diu véi he s6 a.
a a a
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Chc két qué trén duoge thé hién qua bang sau

b
¥ —x =2 40
a
fix)y=ax+b trai ddu véi a 0 cling déu véi a
Ta goi bing nay 1a bang xét ddit nhi thic f(x) = ax + b.
) b N - b
Khi x =2 nhj thic f(x) = ax + b ¢6 gid tri bing 0, ta néi s6 xy = —= 1
a a

nghiém ciia nhi thic f(x).

Neghiém xp = — 2 ciia nhi thc chia truc s6 thanh hai khodng (h.28).
a

“3 fix) cing ddu v6i a
ftx) i ddu v6i a x
Hinh 28
Minh hoa bing d6 thi
a>0
T=ax+b
3. Apdung
; &2
Xét ddu cac nhithiic  fix)=3x+2, g(x)=-2x+5.

Vi du 1. Xét déu nhi thitc f(x) = mx — 1 v6i m 1a mét tham s6 da cho.

Gidi. Néum = 0 thi f(x) = -1 <0, v6i moi x.

Néum 0 thi f(x) Ia mot nhi thic bac nht ¢6 nghiém x, = .
m
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Ta ¢6 bang xét déu nhi thiic f(x) trong hai trudng hop m > 0, m < 0 nhu sau

1
m>0 * - m =
S B 0 +
1
5 x - - +o
[l + 0 =

11 - XET DAU TICH, THUONG CAC NHI THUC BAC NHAT

Gid sit f(x) la mot tich ciia nhitng nhi thite bdc nhat. Ap dung dinh li
vé ddu ctia nhi thitc bdc nhdt c6 thé xét dd timg nhan ni. Lap bdng
¥t déiu chung cho tit cd cdc nhi thite bic nhdt ¢6 mdt trong fv) ta
suy ra dige dédu ciia fix). Truong hop fix) la mot thuong ciing diigc
Xét hiiong tit.

Vi du 2. Xét ddu biéu thic
@x-D(x+2)
=3x+5

fo =

Giai

fx) khong xéc dinh khi % Céc nhi thic 4x — 1, x + 2, -3x + 5 c6 chc

nghiém viét theo thi ty tang 1a ~2 ; — ; g Chc nghiém nay chia khoang

1
n
(~o0;+ o) thanh bén khodng, trong méi khodng cdc nhi thifc dang xét c6
déu hoan toan x4c dinh.

[ - . s
4 3
4x-1 - | - 0 + +
Xx+2 - 0 + + +
P r 0 -
f) + 0 - 0 - || _
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Tir bang xét ddu ta thily

1.5
() > 0 khi x € (-9 ; -2) hodc x g | &
f)>0khixe (- )og\c\e(4 3]
" . 1 _ 5
f(x)<Okhixe (—2,‘] hoidc x € [~‘+w] H
4 3

f(x) = 0 khi

2 hotiex = -
2
/i) Knong xe dinh khi v = 3 (iong bing ki hiéu bdi I).
2§
Xét dau bidu thifc f(x) = (2x - 1)(=x +3).
111 - AP DUNG VAO GIAI BAT PHUONG TRINH
Giai bt phuong trinh f(x) > O thyc chit 12 xét xem biéu thic f(x) nhan gid
tri duong v6i nhiing gié tri no clia x (do d6 ciing biét f(x) nhan gid tri am
véi nhitng gid trj ndo ciia x), 1am nhu viy ta n6i da xét ddi biéu thitc fx).

1. B4t phuong trinh tich, bdt phuong trinh chira 4n & miu thiac

Vi du 3. Gidi bit phuong trinh

Xét diu biéu thie f(x) = —— ta suy ra nghiém cila bit phuong trinh di

chola0<x<1.

% 4
Gidi bét phuong trinh x* —4x <0.
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2. Bt phuong trinh chia an trong dau gia tri tuyét di
Mot trong nhiing cdch giai bat phuong trinh chita dn trong ddu gi4 tri tuyét
d6i 1 sit dung dinh nghia dé khir ddu gid tri tuyét d6i. Ta thudng phai xét
bit phuong trinh trong nhiéu khodng (nita khoang, doan) khéc nhau, trén
d6 cdc biéu thitc nim trong ddu gid tri tuyét d6i déu c6 ddu x4c dinh.
Vi du 4. Giai bt phuong tiinh
l2x+1l+x-3<5.
Gidi.
Theo dinh nghia gid tri tuyét ddi ta ¢6
s {-z\‘ +1 néu-2x+120
—(-2x + 1) néu —2x +1<0.
Do dé ta xét bit phuong trinh trong hai khoang

. 1 .
a) Véi x < i ta ¢6 hé bét phuong trinh

1 1
xS — X< —
2 hay 2
(2x+D)+x-3<5 —x <.
PR 1
He ndy c6 nghigm 1a =7 < x <

b) Vé6i x > % ta ¢6 hé bat phuong trinh

vst wst
2 hay 2

@x-D+x-3<5 x<3.
o = 5.1
He ndy c6 nghigm 13 = < x < 3.
Téng hop lai tap nghiém cita bat phuong trinh d& cho Ia hop clia hai khodng
Y Y (i;xj.
2 2

Két Iugn. Bat phuong trinh di cho ¢6 nghiém 1a ~7 <x < 3.
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Béng cdch dp dung tinh chdt ciia gid tri nyét doi (§1) ta c6
thé' dé dang gidi cic bt phwong trinh dang |f(x)| < a va

|£()| = a véi a> 0 da cho.

Ta cé

[f<ae-a<fiv<a

|f(0)| = a © fix) < —a hodc fix) > a.

(a>0)

1. Xt ddu céc bidu thite
) f)=Qx—-Dx+3);
-4

o) flv) =

EAl 2—% "
2. Gidi cfc bit phuong trinh

E2 5
x x+4 x+3
3. Giai cdc bat phuong trinh

a)lsx-4l>6;

Bai tap

b) f0) = (-3x - ) + D +3) 5
d) o) = 4% - 1.

BAT PHUONG TRINH BAC NHAT HAI AN

I - BAT PHUGNG TRINH BAC NHAT HAI AN

Ta ciing gap nhimg bét phuong trinh nhidu dn s6, ching han

2x+y -z2<3;3x+2y<1.

Khix =-2,y=1,z=0thi v& tréi bat phuong trinh tht nhat ¢6 gid

i nho

hon v€ phéi ctia nd, ta néi by ba s6 (x5 y ;5 2) = (=25 1 ; 0) 1a mot nghi¢m

clia bit phuong trinh nay.
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Tuong ty, ¢ap s6 (3 ) = (1 ; ~2) Ia mot nghiém ciia bat phuong trinh tha hai.

Bt phucong trinh bac nhat hai dn x, y c6 dang tong quat la
ax+by<c (1)
(ax+by<ci;ax+by2c;ax+by>c)
trong d6 a, b, ¢ 1 nhitng s6 thite da cho, a va b khong déng
thoi béng 0, x va y la cdc dn s6.

11 - BIEU DIEN TAP NGHIEM CUA BAT PHUONG TRINH BAC NHAT
HAI AN
Ciing nhu bét phuong trinh bac nhat mot 4n, céc bat phuong trinh bac nl
hai 4n thudng ¢6 vo s6 nghiém va dé mo t tap nghiém cia ching, ta sit
dung phuong phép biéu dién hinh hoc.

Trong mat phdng toa d6 Oxy, tdp hop cdc diém 6 toa do la
nghiém bt phicong trinh (1) diege goi la mién nghiém ciia né.

Ngudi ta di ching minh duge ring trong mat phing toa do Oxy, dudng
thang ax + by = ¢ chia mat phang thanh hai nira mat phang, mot trong hai

nita mat phang d6 13 mién nghi¢m cita bat phuong trinh ax + by < ¢, nita

mat phang kia 1a mién nghi¢ém clia bat phuong trinh ax + by > c.
Tit d6 ta 6 quy tic thice hanh biéu dién hinh hoc tap nghié¢m (hay biéu
t phuong trinh ax + by < ¢ nhu sau (twong ty cho

dién mién nghi¢m) cia
bét phuong trinh ax + by > ¢)
Buie 1. Trén mat phéng toa do Oxy, vé duiomg thing A :
ax+by
Bude 2. Ldy mot diém M(xy;y,) khong thuge A (ta thiong
1dy goc tog dp 0)

Buge 3. Tinh axg + by va so sinh axy + by, véi c.
Bugc 4. Két lugn
Néu axy + by, < c thi mita mét phang bo A chita
M,y La mién nghi¢m ciia ax + by < c.
Néiw axg + by, > ¢ thi mia mdt phing bo A khong

chita Mgy 1d mién nghiém ciia ax + by < c.



CHU Y
Mién nghiém cia bt phuong tiinh ax + by < ¢ bb di dudmng
thing ax + by = ¢ 1a mién nghiém cia bat phuong tiinh
ax+by<ec.
Vi dy 1. Biéu dién hinh hoc tap nghi¢m cita bt phuong trinh bac nhat hai in
2x+y<3.
Gidi
V& dudmg thing A : 2x + y = 3.
Ldy g6c toa do O(0 ; 0), ta thiy O ¢ A va
©6 2.0 + 0 < 3 nén nira mat phang by A
chifa g6c toa do O Ia mién nghiém ciia bt
phuong trinh di cho (mién khong bi t6
dam trong hinh 29).

1
ﬂﬂi@u dién hinh hoc tap nghiém ciia bt phuong
trinh bac nhat hai 4n

“3x+2y>0.

Hinh 29

11 - HE BAT PHUONG TRINH BAC NHAT HAI AN
Tuong ty hé bt phuong trinh mot 4n
Hé bat phuong trinh bac nhdt hai dn gom mot s bdt phiong
trinh bac nhdt hai dn x, y ma ta phdi tim cdc nghiém chung
ciia ching. Méi nghiém chung d6 dige goi la mot nghiém ciia
hé bt phitong trinh da cho.
Ciing nhue bdt phucong trinh bac nhdt hai dn, ta c6é thé biéu dlen
hinh hoc tdp nghiém ciia hé bt phuong trinh bic nhdt hai dn.
Vi du 2. Bicu dién hinh hoc tap nghiém clia h¢ biit phuong trinh bac nht hai 4n
3x+y<6
x+y<4
=0
y20.
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Gidi. V& céc dudng thing

A :3v+y=6
() :x+y=4
(d3) : x =0 (tryc tung)

(dy) : y =0 (tryc hoanh).
Vi diém M1 ; 1) ¢6 toa do thoa man
tit ca cdc bt phuong trinh trong hé
trén nén ta to6 dam céc nira mat phang
by (d)), (dy), (d3), (dy) khong chifa
diém M. Mién khong bi t6 dam (hinh
tit gide OCIA k€ ci bon canh Al IC,
CO, OA) trong hinh v& (h.30) la mién
nghiém cta h¢ di cho. Hinh 30

2
ﬁﬁiéu dién hinh hoc tap nghiém ctia hé bét phuong trinh bac nhat hai &n
2x-ys<3
2x+5y<12x +8.

IV — AP DUNG VAO BAI TOAN KINH T
Gidi mot s6 bi todn kinh 1€ thudng din dén viée xét nhitng h¢ bat phuong
tinh bic nhdt hai 4n va gidi ching. Loai bii todn ndy dugc nghién ctu
trong mot nganh todn hoc ¢6 tén goi 1a Quy hoach tuyén tinh. Sau day ta s&
xét mot bai todn don gian thudc loai d6.

Bai todn. Mot phan xuong c6 hai mdy dic ching M, M, sin xuit hai

logi sin phém ki hiéu 13 I va IL Mot tén sin phim loai I I3 2 tri¢u déng,
mot tin san phim loai II 1di 1,6 tri¢u déng. Mudn san xudt mot tin san

phdm loai T phai ding mdy M trong 3 gid vd mdy M, trong | gid. Mudn

sin xudt mot tdn san phdm loai IT phai ding mdy M, trong 1 gidy vd mdy
M, trong 1 gidn. Mot mdy khong thé dimg dé san xuit dong thdi hai loai
sin phim. Mdy M, 1am viee khong qud 6 gids trong mot ngdy, mdy M,
mot ngdy chi 1am viee khong qué 4 gidr. Hay dat k& hoach san xuiit sao cho
t6ng 6 tién 1ai cao nhat.

Gidi. Goi x, y theo tht ty 13 s6 tdn sin phdm loai I, loai IT sén xudt trong
mot ngdy (x> 0, y > 0). Nhu vay tién 1di mdi ngdy [a L = 2 + 1,6y (tricu dong)

Vi s6 gidy [am viee (i ngdy) clia my M) 13 3x + y vi my My 1 x + y.
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Vi méi ngdy mdy M, chi lam vice khong qud 6 gids, méy M, khong qué 4 gids
nén x, y phii thoi man h¢ bit phuong trinh
3x+y<6

x+y<4

x 20

y =0

@

Bai toén trd thanh

Trong céc nghiém clia h¢ bat phuong trinh (2), tim nghiém (x=xo ; ¥ = o)

sao cho L = 2x + 1,6y 16n nhat.

Mién nghi¢m ciia h¢ bét phuong trinh (2) 12 t& gidc OAIC ké ci mién trong
(goi 12 mién 1 gidc OAIC) xem vi du & myc T hinh 30.

Neudi ta chiing minh duge réng bicu thic L = 2x + 1,6y dat duge gid tri 1dn
nhat tai mot trong céc dinh ciia t gide OAIC (xem bai dge thém). Tinh gid tri
clia biéu thic L = 2x + 1,6y tai tit ci cdc dinh cia & gide OAIC, ta thiy L 16n
nhit khix=1,y=3.
Viay dé ¢6 s6 tién ldi cao nhat, mdi ngdy cdn san xudt 1 tdn san pham loai T
va 3 tdn sén phdm logi I1.

BAI POC THEM

PHUONG PHAP TIM CUC TRI CUA BIEU THUC
F = ax + by TREN MOT MIEN DA GIAC

Bai toan. Tim gié tri I6n nhat, gia tri nhd nhét cla biéu thic F = ax + by (a, b la
hai s6 da cho khong déng thai bang 0), trong dé , y la cac toa do cla cac diém



thudc mién da gidc AjA,... Ad4... A,. Xéc dinh x, y dé F dat gi4 tri 16n nhat,
nhd nhat

Giai (h.31). Ta minh hoa cach gii trong
trudng hop n = 5 va chi xét trudng hop
b >0 (cAc trudng hop con lai xét tuong
t). Gi& st M(x) ; yo) 1 mét diém da cho
thudc mién da giac. Qua diém M va méi
dinh clia da gidc, k& cac dudng thing
song song véi dung thing ax + by = 0,
Trong cac dudng thdng do, dudng
théng qua diém M c6 phuong trinh

av+ by=axo-+ by

i Vi
va cat tryc tung tai diém N[() P ke N - ’-‘"J_
b

Vi b >0 nén axq + by, 16n nhat khi va chi Hinh 31

axy +

by
khi 00 16 nhat
b

Trén hinh 31, F = ax + by I6n nhat khi (x : ) 12 toa d6 clia diém A, bé nhéit khi (x : y)
6 didm Ay

la toa

Tom lai, gia tri 16n nhét (nhé nhat) ciia biu thiic F = ax + by dat dugc tai mot trong
céc dinh ciia mién da gidc.

Bai tap

Biéu dién hinh ho  bat phuong trinh bac nhat hai 4

tap nghiém cla ¢

a)—x+2+2(y-2)<2(1-x); b)3(x-1)+4(y-2)<5x-

Bidu dién hinh hoe tap nghi¢m cita céc h¢ bat phuong trinh bac nhat hai én sau.

Xy
x-2y<0 Fhg-is0
a) {x+3y> -
W) {x+3y> -2 Wi L1
y-x<3;
x>0

C6 ba nhém méy A, B, C ding dé sin xudt ra hai loai sn phdm I va I D&
sin xudt mot don vi sin phdm méi loai phi ldn lugt ding cdc méy thuge
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céie nhém khdc nhau. S6 mdy trong mot nhém va s6 méy cita ting nhém
cin thiét dé san xuit ra mot don vi san phém thuge méi |
béng sau

ai dugc cho trong

. SG méy trong ting nhém dé san xudt ra
Nhom | SOmdy tong mot don vj shn phém
méi nhém
Loai T Loai 11
A 10 2 2
B 4 0 2
c 12 2 4

Mot don vi sén phdm I 17 3 nghin déng, mot don vi
Hly lap phuong 4n dé vie

an phdm 11 I4i 5 nghin déng.
n xudt hai logi sén pham trén c6 I

cao nht.

Huténg ddn : Ap dung phuong phép gidi trong mue IV.

DAU CcUA TAM THUC BAC HAI

I - PINH Lf VE DAU CUA TAM THUC BAC HAI

1. Tam thifrc bac hai

Tam thite béc hai d6i v6i x a biéu thitc ¢6 dang fix)

L a#0.

trong dé a, b, ¢ la nhimg hé

ﬁ'

1) X6t tam thic bac hai f(x) = +* - 5x + 4. Tinh fi4), f2). fi-1), A0) va nhan xét vé
déu cia chung.
2) Quan sét 6 thi ham s6 y = x* - 5+ 4 (h. 32a)) va chi ra céc khoang trén d6

6 thi & phia trén, phia dudi tryc hoanh
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3) Quan sét céc dd thitrong hinh 32 va it ra i i hé v8 déu clla gt £(x) = ax® + b + ¢

(ing v x tuy theo déu cila biét thiic A =

a) b) ]

y=f)=x> - Sx+4 P odx+d y=2—dx+s

Hinh 32
2. Dau clia tam thirc bac hai

Ngudsi ta di ching minh duge dinh 1§ vé déic tam thite béc hai sau day

PINH Li

Cho fix) = ax® + bx + ¢ (a#0), A= b* - dac

Néiw A <0 thi

) uon cing ddin véi hé 56 a, véi moi x € R..

Néi A= 0 thi f(x) luén ciing déu véi hé sé'a, trikhi x = o5

a
Néit A> 0 thi fix) cing ddiu véi hé s6°a khi x < x hodc x> xy, trdi
ddit véi hé s6"a khi x; < x < x, trong d6 xy, xp (x) < xp) la hai
nghiém ciia fix).

CHUY
Trong dinh If trén, c6 thé thay biét thic A = b — 4ac bing
bigt thic thu gon A’ = ()% — ac.
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Minh hoa hinh hoc

Dinh If vé ddu cita tam the bac hai ¢6 minh hoa hinh hoc sau (h.33).

A<O A=0 A>0
" A
+ + + +
a>0 + 4 + +
N4 +| +
0 X o1 X
A<0O A=0
y y y
-t
o T
a<0 = = x
Hinh 33

3. Ap dung
Vidul
) Xét ddu tam thic f(x) =

+3x-5.

b) Lap bang xét ddu tam thiic f(x)

Gidi
a)fx) c6 A= —11 <0, h¢ s6 a =1 <0 nén f(x) < 0, v6i moi x.
b) f) = 242 —Sv+2 o6 hai nghiem phan biet ¥ =~ x, =2, he
s6a=2>0.
Ta ¢6 bng xét ddu f(x) nhu sau
1
v e - 2 4o
2
fo + 0 = 0 +
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2
Rxét dé&u cac tam thirc

a) f(x) =327 +2x-5; b) g(x) = 927 —24x +16.

Tuong ty nhu tich, thuong ciia nhimg nhi thic bac nhat, ta ¢6 thé
tich, thuong clia cdc tam thiic bac hai.

Vi du 2. Xét ddu biéu thic

fx)=

Gidi. Xét ddu cdc tam thie 202 — x — 1 va x — 4 6i 1ap bang xét du f(x)
ta duge

x - -2 = E 1 2 40
] o+ 0 - 0 o+ | o+
e 0o - | - | - 0 «
fx) + | - 0o + 0o - | +

11 - BAT PHUONG TRINH BAC HAI MOT AN

1. Bt phuong trinh bac hai
Bdt phuong trinh bac hai dn x la bdt phuong trinh dang
u\z + bx + ¢ < 0 (hodc (L\Z +bx+c<0, (L\Z +bx+c>0,

ax? + b + ¢ > 0), trong d6 a, b, ¢ la nhitng 56 thige da cho, a 0.

bat phuong trinh bac hai

Giai bét phuong trinh bac hai ax’ + bx + ¢ < 0 thyc chit 1a tim cdc
khoding ma trong d6 f(x) = ax + by + ¢ ciing ddu v6i h¢ 56 a (trudmg hop
< 0) hay tréi ddu véi he 56 a (rudmg hop @ > 0).

3
Trong cac khodng nao

) f(x) = -22% +3x +5 tréi d&u v6i hé s6 clia x° 2
b) g(x) = —3x? + 7x — 4 cling d&u véi he s& ciia x> ?
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Vi du 3. Giai cdc bit phuong trinh sau

a) 32 +2x+5>0 b) 222 +3x+5>0;
¢) 322 +Tx-4<0; d) 9x% — 24x +16 2 0,
Gidi

a) Tam thite f(x) = 322 +2x +5 6 A'=1-3.5<0,h¢ s6a=3 >0 nén
() luon duong (ciing ddu véi a).

Do d6 tap nghiém cita bét phuong trinh 3x> + 2+ 5 > 014 (~w ; +20).
b) Tam thite f(x) = ~2x% +3x + 5 ¢6 hai nghiém lx; = -1 ; x, = ; he

6 a = -2 <0, nén f(x) luon duong véi moi x thuge khoang(—l ; ;]

Vay biit phuong trinh ~227 + 3x+ 5 > 0 ¢6 tap nghiém 1a khodng [—1. %j

©) Tam thiic flx) = 35 + 7x - 4 ¢6 hai nghiem lax; = 1; x, = %, he s6

= -3 <0, nén flx) luon am véi moi x thuge khodng (—o ; 1) hoge G i+ ao]
Vay tap nghiém cita bat phuong trinh -3x% + 7x — 4 <0 Ia
4
—w; U2+
cono(firs)
d) Tam thitc f(x) = 9x% —24x +16 c6 he s6a =9, A'= 122 ~9.16 = 0,
) c6 nghiem kép x = % nen f(x) >0 véimoi x # % VA () = 0 Vi x = %.
Vay bét phuong trinh 9x> — 24x + 16 > 0 nghiém dting v6i moi x.

Vi du 4. Tim céc gid tri ciia tham s6 m d€ phuong trinh sau ¢ hai nghiem
tréi ddu

2% —(m? —m+)x+2m* —3m-5=0.
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Gidi. Phuong trinh bac hai s& ¢6 hai nghiém trai ddu khi va chi khi cdc hé
$6 @ va ¢ tréi ddu, tc 12 m phai thod man diéu kién

2(2m? = 3m —5) <0 & 2m* - 3m - 5<0.
Vi tam thitc fm) = 2m” - 3m - 5 ¢6 hai nghiem 1a my = ~1, my = % va he
$6 clia m” duong nén

2m2—3m—5<0©—1<m<%

Két lugn. Phuong tinh di cho c6 hai nghiem trdi ddu khi va chi khi

st el
2
Bai tap
Xét ddu cdc tam thic bac hai
W57 -3+ 1 b)-227 4 3x+5;
)+ 120+ 365 d) (2x - 3)(x + 5).

Lap bang xét ddu céc biéu thic sau

a) f) = (3x* - 10x + 3)(dx - 5) 3

b)) = (Gx? - 4x)@2a® - x- 1) ;

O f) = (4a? — 1)(-8x% + x - 3)2x+9)
32— G- A_z)}

d) fln) =
42 +x-3
Giai cdc bat phuong trinh sau
4’ -x+1<0; b -3 +x+420;
PR R S B -x-6<0.

—4 +x-4
Tim cdc gid tri ciia tham 6 m dé céc phuong trinh sau vo nghiém
a) (m - 2)x +2(2m - 3)x + 5m - 6 = 0;

b) B-m)x? —2(m+3)x+m+2=0.
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ON TAP CHUONG IV

1. Sirdung ddu bt ding thitc dé viét cic ménh dé sau
a) x 12 s6 duong ;
b) y 1a 58 khong am ;
¢) V6i moi s6 thuc a, |al 12 56 khong am ;
d) Trung binh cong clia hai s6 duong @ va b khong nho hon trung binh
nhan ciia chiing.
2. C6 thé rdt ra két luan gi vé ddu clia hai s6 @ va b néu biét

a

a)ab>0; b<>0;
b
Qab<0; <02
b
3. Trong cdc suy lugn sau, suy lugn ndo ding ?
x<l1 x<1 x
(A) gyl | (B) |- 5B
y<l y<l 'y
O<x<l x<l1
©) =>axy<l; (D) =>x-y<0.
y<l y<l

4. Khi can mot vat véi do chinh xdc dén 0,05kg, ngudi ta cho biét két qua la
26,4kg. Hay chi ra khéi lugng thyc ciia vat d6 nam trong khoéng nao.

5. Trén cing mot mat phang toa do, hay vé d6 thi hai ham s6 y = f(x) = x + 1

vay = g(x) = 3 x va chi ra cc gid tri nao cila x thod man :

) f(x) = g(x) 5

b) fl) > g(x)

©) fx) < g(x).

Kiém tra lai két qua bang cdch giai phuong trinh, bt phuong trinh.

6. Choa, b, ¢ a céc s6 duong. Chiing minh ring

a+b b+c c+a
—_—t—t—26.

a b
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7. Diéu kién clia mot bt phuong trinh 12 gi ? The nao 12 hai bt phuong trinh
tuong duong.

8. Néu quy tac biéu dién hinh hoc tap nghiém ctia bt phuong trinh ax + by < c.

9. Phat biéu dinh If vé ddu cita tam thiic bac hai.

10. Choa >0, b> 0. Chiing minh ring

a b
=+ == a +b.
b e

11. a) Bing céch sir dung hing déng thtc a® — b> = (a — b)(a + b) hay xét diu
f)=xt—?+6x-9

4

-2x

b) Hay tim nghiém nguyén ciia bt phuong trinh sau

s

va 20

P —x+6)>9.

12. Cho a, b, ¢ 1 do dai ba canh clia mot tam gidc. Sir dung dinh i vé ddu clia
tam thc bac hai, ching minh ring

P2? — (2 +? —aP)x+ 2 >0, Vx

13. Biéu dién hinh hoc tap nghiém cita he bt phuong trinh bac nhat hai 4n

3ty =9
x = y-3
2y > 8-x
y < 6

Bdi tGp tréc nghiém
Chon phitong dn diing trong cdc bai tdp sau
14. S6 -2 thude tap nghiém cta bét phuong trinh

(A 2+1>1-x; ®) @+ H1-0<?

© D) @-vr+272<0.
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15. Bt phuong trinh (x+ 1)v/x < 0 tuong duong véi bt phuong trinh

A rx+1*<0; ®B) (x+IWx <0;

©  (x+D*x=0; @ (D <0.
16. Bt phuong trinh mx® + (2m — 1)x + m + 1 < 0 ¢6 nghiém khi

(A m=1; B) m=3;

© m=0; (D) m=0.25.

17. He béit phuong trinh sau v6 nghiém

> 2-4>0
22 -2x<0
) ® | 1
2x+1<3x+2; <—;
x+2 x+1
2 -5x+2<0 v-1l<2
©) D)
P 48x+120; x+1<3
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THONG HE

Théng ké la khoa hoc nghién cuu cac phuong phap

thu thap, phan tich va xt Ii cac s6 liéu nham phat hién cac
quy luat théng ké trong tu nhién va xa hoi. Chuong nay
gitp hoc sinh nam viing mét s6 phuong phép trinh bay s6 liéu
(bang bang, bigu dé) va thu gon s liéu nho céc s6 déc trung.

THONG HE




BANG PHAN BGS TAN s6
VA TAN SUAT

1 - ON TAP

1. S6 ligu thdng ke
Khi thyc hién diéu tra thong ké (theo muc dich d& dinh truée), cdn xdc
dinh tap hop cée don v diéu tra, dfiu hiéu diéu tra vA thu thap chc s6 lieu.
Vidul.

Khi
duge

éu tra "Nang sudt lda he thu nam 198" ciia 31 tinh, ngudi ta thu thap
56 liéu ghi trong bing dudi day

Nang sudt liia hé thu (tg/ha) nam 1998 ciia 31 tinh

30 30 25 25 35 45 40 40 35 45
25 45 30 30 30 40 30 25 45 45
35 35 30 40 40 40 35 35 35 35 35

Bang 1

¢ don vi diéu tra 1a tap hop 31 tinh, m&i mot tinh 1a mot don vi
diéu tra. Ddu hi¢u diéu tra 1a ning liia he thu nam 1998 & moi tinh.
Ciic 56 licu trong bang 1 goi 1 cdc 56 liéu thong ké, con goi 1a che gid tri
ciia ddu hicu.

2. Tansé

Trong 31 56

thong ke & trén, ta thdly ¢6 5 gid tri khéc nhau Ia

X1 =25;x=30;x3=35;04=40;x5=45.

Gid tri x, = 25 xudt hién 4 ldn, ta goi ny = 4 1A tdn 50 clta gid tri x,.
Tuong tw, ny =75 n3=9 ; ny =63 ns =5 lan lugt 1 tén s6 cta cdc gid tri
Xp3 X35
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Il - TAN SUAT
Trong 31 56 li¢u thong ké & trén, gid tri x; o6 tdn 56 1a 4, do d6 chicm 1 1¢

1a = 12,9%.

31

i 1A tdin sudt ciia gid tri

Ti s6 % hay 12,9% dug

Tuong ty, cée gid tri X, ; x3 3 X4 5 X5 14n luot 6 tan sudt 1a
T o 20,6%; 2~ 29,00 ;2 % 19,4%; >~ 16,1%.
31 31 31 31

Dua vao céc két qua di thu duge, ta lap bang sau

Neing sudt liia hé thu nam 1998 ciia 31 tinh

Nang sudt Ifa - -
(%{i/ha) Tin s6 Tan suét (%)
25 4 12,9
30 7 226
33 9 20,0
40 6 194
45 5 16,1
Cong 31 100 (%)
Bang 2

Bang 2 phan 4nh tinh hinh nang sudt l6a ciia 31 tinh, dugc goi 1a hang
phén b6 tdn s6'va tdn sudt.

Néu trong bang 2, bd cot tin s6 ta duge bang phdn b tan sudt ; bd cot tin
suit ta dugc bang phdn bo' tan so.

111 - BANG PHAN BG TAN $O VA TAN SUAT GHEP LGP

Vi du 2. D chuin bj may déng phuc cho hoc sinh, ngudi ta do chiéu cao

cita 36 hoc sinh trong mot 16p hoc va thu duge cdc s6 liéu théng ke ghi

trong bang sau

Chiéu cao ciia 36 hoc sinh (don vi : cm)

158 152 156 158 168 160 170 166 161 160 172 173

150 167 165 163 158 162 169 159 163 164 161 160

164 159 163 155 163 165 154 161 164 151 164 152
Bang 3
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112

Dé xéc dinh hop 1f s6 lugng quan 4o cdn may cho méi "kich c&" ta phan
16p céc s6 liéu trén nhu sau

Lép 1 gém nhiing s6 do chiéu cao tir 150 cm dén dusi 156 cm, ki hieu la
[150; 156) ;
L6p 2 gém nhitng s6 do chiéu cao tir 156 cm dén dusi 162 cm, ki hieu 1
[156 162) ;
Lép 3 gém nhiing s6 do chiéu cao tir 162 cm dén dusi 168 cm, ki hieu la
[162 168) ;
L6p 4 gém nhiing 56 do chiéu cao tir 168 cm dén 174 cm, ki hieu la
[168 ; 174].

Ta thiy c6 6 s6 liéu thude vao 16p 1, ta goi my =6 13 tdn 56 ciia lop 1.
Ciing vy, ta goi 1, =12 12 tin s6 ciia 16p 2, n3 = 13 12 tén s6 ciia 16p 3,
ny =5 11 tdn s6 cita 16p 4.

Chc ti s6

fl—ai 16,7% ; 5,7=33,3%;

13 5
3 =3 = 361% 3 fy =52 = 13,9%
5 bifs =g /o

dudge goi la fdn sudt ciia cde 16p tuong Gng.
Céc két qua trén dugc trinh by gon trong bang dudi day

Chiéu cao ciia 36 hoc sinh

Lépi86 do chifarodo Ténss | Tin sudt (%)
(cm)
[150; 156) G 16,7
[1565 162) 12 333
[162; 168) 13 36,1
1168 ; 174] 5 139
Cong 36 100 (%)

Bdng 4



%c

1.

Bing 4 ditgc goi la bang phan bo tin s6 va tn sudt ghép I6p.
Néiu trong bang 4 b6 cot tin 6 thi s c6 bang phan b6 tan
sudt ghép 16p, bé cot tdn sudt thi s¢ ¢ bang phan b6 tn s6'
ghép lop.

Bing 4 & trén cho ta co s& dé xéc dinh 6 lugng quén do cdn may ciia méi
c& (twong ting v6i mi 16p). Ching han, vi s6 hoc sinh c6 chiéu cao thuge
16p thif nhét chiém 16,7% tong s6 hoc sinh, nén s6 qun 4o cin may thuge
5 tuong (ing v6i 16p d6 chiém 16,7% s6 lugng quén do cdn may. Ta ciing
<6 két lun tuong ty déi vi céc 16p khc.

Néu 16p hoc ké trén dai dién duoc cho toan trudng thi cé thé dp dung ket
qué d6 dé may quén 4o cho hoc sinh ¢4 trudng.

ho céc s6 liéu théng ké ghi trong bang sau

Tién i (nghin ddng) ciia m3i ngay trong 30 ngay
dugc khéo sét & mot qudy ban bao

81 37 74 65 31 63 58 82 67 77 63 46 30 53 73
51 44 52 92 93 53 85 77 47 42 57 57 85 55 64

Bing 5

Hay lap bang phan b6 tn suat ghép I6p véi cac I6p nhu sau
[29.5;405), (40,5 ;51,5),[51,5:62,5), (625 ; 73.5), [73.5 ; 84,5), [84,5 ;95.5].

Bai tap

Cho céc s6 liéu théng ke ghi trong bang sau

Tudi tho ciia 30 béng dén dién ditge thdp thit (don vi : gio)

1180
1160
1170
1170
1170

1150 1190 1170 1180 1170
1170 1160 1150 1190 1180
1170 1170 1190 1170 1170
1180 1170 1160 1160 1160
1160 1180 1180 1150 1170

a) Lap bing phan b tdn s6 va bang phan b6 tin suit.

b) Dua vao két qui clia cau a), hiy dua ra nhan xét vé i tho ciia cdc
béng dén néi trén.
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2.

Cho bang phan b6 tdn s6 ghép 16p sau

D¢ dai ciia 60 ld diwong xi truong thanh

Lép ciia do dai (em) | Tén's6
[10;20) 8
[20; 30) 18
[30; 40) 24
[40 ; 50] 10
Cong 60

Bui duong xi
a) Lap bang phan bé tan sudt ghép 16p.
b) Dua vio két qua cia cau a), hily néu rd trong 60 14 duong xi dugc khao sdt :
S6 14 ¢6 d¢ dai dudi 30 cm chi€m bao nhiéu phén tram ?
S6 14 ¢6 d6 dai tir 30 cm dén 50 cm chi€m bao nhiéu phin trim ?
Cho céc s6 liu théng ke ghi trong bang sau

Khoi ligng ciia 30 cii khoai tay thu hoach diige & nong tricong T (don vi : g).

9 73 88 99 100 102 111 96 79 93
81 94 96 93 95 82 90 106 103 116
109 108 112 87 74 91 84 97 85 92
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Lap béng phan b6 tan s6 va tan suit ghép 16p, véi céc 16p sau
[70;80); [80;90); [90;100); [100; 110); [110;120].
Cho céc s6 liéu théng ke ghi trong bang sau

Chiéu cao ciia 35 cay bach dan (don vi : m)

6,6 7,5 82 82 7.8 79 9,0 8,9 82
72 75 8,3 74 8,7 7,7 7,0 9,4 8,7
80 77 78 83 86 8l 8,1 95 69
8,0 7,6 79 73 8,5 8.4 8,0 8,8




a) Lap bang phan b6 tan sudt ghép 16p, véi céc 16p sau
[6,5:7,00: [7,0;7.5); [7,5;8,0); [8,05 8,55 (8,55 9.0) 5 [9,05 9,5

b) Dua vao két qua ciia cau a), hiy néu nhan xét vé chiéu cao cia 35 cay
bach dan ndi trén.

BIEU PO

1- BIEU PO TAN SUAT HINH COT VA PUONG GAP KHUC TAN SUAT

Ta c6 thé mé ta mét céch true quan cde bang phan bé tan suit (hoac tin
$6), bang phan b6 tin sudt (hodc tan s6) ghép 16p bing biéu dé hoac dudng
gfip khic.

1. Biéu d8 tan suit hinh cot

Vi du 1. Dé mé ta bang phan b6 tan sust ghép 16p (bing 4) trong §1, c6 thé
V& biéu d6 tan sudt hinh cot sau (h.34).
Tan sudt

36,1
3331

20
e
139

—H e
o1 150 156 162 168 174 Chiéu cao

Hinh 34. Biéu d6 tin sudt hinh cgt vé chiéu cao (cm) ciia 36 hoc sinh.
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2. Budng gép khic tan suat

Bang phan bd tin sudt ghép 16p ké trén (bang 4) ciing ¢ thé duge mé ta

bing mat dudng gép khiic, v& nhu sau.

Trén mit phiing toa d6, xdc dinh ce diém (c;; f;).i = 1,2, 3, 4, trong d6 ¢; Ia
trung binh cong hai mit clia 16p i (ta goi ; 13 gid tri dai dién ciia 16p i).

V& cde doan thing ndi diém (¢;5 £) v6i diém(c, ;5 fi,)). i

L2236

thu duoc mot dusng gap khiic, goi 1a diong gap khiic tan sudt (h.35).

Tdin sudt.

36,1
333

20
16,7

139

ol 1500 153 156 159
(c1)

1627165

168 171 174  Chiéu cao
()

Hinh 35. Duomg gip khiic tin sudt vé chiéu cao (cm) ciia 36 hoc sinh

1
%Cho bang phan bs tan sust ghép 16p sau

Nhiét d6 trung binh cta thang 12 tai thanh phé Vinh tir 1961 dén 1990 (30 ném)

Lép nhiét do (°C) Tén sust (%)
[15:17) 167
[17:19) 433
[19:21) 36.7
121:23] 33

Coéng 100 (%)

Bing 6

Hay mb ta bang 6 bang cach vé bidu d6 tan sust hinh cot va dusng g&p khuc

tén suét
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3. Chay
Ta ciing ¢6 thé mo ta bang phan b6 tin s6 ghép 16p bang biéu dé tin s6
hinh c6t hoac dudng gip khiic tin s6. Cdch v& ciing nhu cdch v& biéu d6
tan suét hinh cot hodc dudng gip khic tin suit, trong dé thay truc tin sudt
béi truc tan s6.

11 - BIEU PO HINH QUAT
Ngudi ta cdn diing biéu d6 hinh quat dé mo ta bing co cdu trong vi du dudi day
Vi du 2. Cho bang 7

Co cdin gid tri sin xudt cong nghiép trong midc nim 1997,
phén theo thanh phén kinl té.

Céc thanh phan kinh t& S6 phan tram

(1) Khu vire doanh nghiép nha nuée 237

(2) Khu vye ngoai quéc doanh 413

(3) Khu vy déu tu nuée ngoai 29,0

Cong 100 (%)
Bing 7
Hinh 36a dudi day I biéu d6 hinh quat mé ta bing 7.
[21;23]
[15:17)

a) b)
Hinh 36

CHUY
Céc bang phan b tin suit ghép 16p ciing c6 thé m6 ta bang biéu
d6 hinh quat, ching han hinh 36b mo ta bang 6.

117



2
RDW vao biu dé hinh quat cho & hinh 37 dudi day, héy 1ap bang co céu nhu trong
vidy2.

(1) Khu vy doanh nghiép nhd nudc
(2) Khu vie ngodi quée doanh
(3) Khu vie dfu t nuge ngodi

Hinh 37. Bidu dé hinh quat vé co cdi gid tri sin xudt cong nghiép trong mgc ndm 1999,
phdn theo thanh phdn kinh t& (%)

Bai tap

1. Hiy mo ti bang phan b6 tdn suit ghép 16p da duge 1ap & bai tap 6 2 cita
§1 bing cch vé biéu dé tan sudt hinh cot va dudng gdp khiic tan sut.

2. Xét bang phan b tn s6 va tin sust ghép 16p i duge lap & bai tap s6 3 ciia §1.
a) Hily vé& biéu d6 tan suit hinh cot, dudng gip khic tin suat.
b) Hay vé biéu dé tén s6 hinh cot, dudng gdp khic tan s6.
¢) Dya vio biéu dé tin suit hinh cot di v& & cau a), hiy néu nhan xét vé
Kkhi lugng cita 30 cii khoai tay duge khao sét.

3. Dua vao biéu dé hinh quat duéi day (h.38), hdy 1ap bang co ciu nhu trong
vidy2.

(1) Khu vie doanh nghiép nha nutic
(2) Khu vige ngodi qudc doanh
(3) Khu v ddu w nuc ngodi

Hinh 38. Bidu dé hinh quat vé co cdi gid iri sin xudt cong nghiép trong medc ndm 2000,
phén theo thank phdn kinh 1€ (%),
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s6 TRUNG BINH CONG.
$6 TRUNG VI. MOT

Dé thu duogc cdc thong tin quan trong tif cdc s liéu thong ke, ngudi ta sir dung
nhiing s6 déc trung nhu s6 trung binh céng, s§ trung vi, mét, phuong sai,
do lech chudn. Céc s6 dac trung nay phan dnh nhiing khia canh khéc nhau
ciia ddu hiéu diéu tra.

I - SO TRUNG BINH CONG (HAY SO TRUNG BINH)
Vidul
a) Ap dung cong thc tinh s6 trung binh cong da hoc & 16p 7, ta tinh duge
chiéu cao trung binh ¥ cta 36 hoc sinh trong két qué diéu tra dugc trinh
bay & bang 3 cita §1 1a ¥ ~ 161cm.
b) Sit dung bang phan b& tin s6 va tan suét ghép 16p, ta tinh gin ding
chiéu cao trung binh ¥ clia 36 hoc sinh trong két qué diéu tra duge trinh
bay & bang 4 cita §1 theo hai cich sau
Cach 1. Si dung bang phan b tan s6 ghép 1ép
Nhdn gid tri dai dién ciia méi 16p véi tin 56 ciia 16p d6, cong cac két qud
lai réi chia cho 36, ta dge
6x153+12 159 +13x 165 + 5 x 171
36
Két qud ndy c6 nghia 13 chiéu cao trung binh cia 36 hoc sinh ké tren 12
T ~162cm.

~162 (cm).

Ta ciing n6i 162 cm 14 56 trung binh cong ciia bang 4.

Cdch 2. Si dung bang phan bé tan sudt ghép lép

Nhan gid tri dai dién ciia méi l6p véi tin sudt ciia 16p d6 roi cong cdc két
qud lgi ta ciing dugc

.\':£x153+
100

x159+ 280 1654 122, 171+ 162 (em).
100 100

100
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¥ trung binh cong cia cdc so'liéu thong ké
au day.

Viy ta ¢6 thé tinh
theo cdc céng thirc
Truong hop bang phan bé tan s6, tan sudt

(mxy + myxy +.+ mxp) = fixg + 5 + oo+ fray

trong dé n;, f; ldn lugt la tdn s6, tdn sudt ciia gid tri x;, n la 56
cdc 56 ligu thong ké (ny + ny + ... + ny = n).
Truong hop bang phan bé tan s6, tn sudt ghép lép

1 . . ¢
¥ = —(mey + ey + o+ mep) = fiop + ooy + o+ frop
n

trong dé c;, ;. f; lan higt la gid tri dai dién, tdn s6, tdn sudt ciia

16p thiti, n 16 56 cdc 56 liéu thong ké (ny + ny + oot ng = ).

1
Rcrm bang phan b6 tan s6 va tan sust ghép I6p sau

Nhiét d6 trung binh clia thang 2 tai thanh phé Vinh
tir 1961 dén hét 1990 (30 nam).

Lép nhiét d6 (°C) Tans6 | Tan suft (%)
(125 14) 1 333
[14316) 3 10,00
[16:: 18) 12 40,00
[18'520) 9 3000
[20;22] 5 16,67

Cong 30 100%

Bing 8

a) Hay tinh s6 trung binh céng clia bang 6 va bang 8.
b) Tir két qua da tinh dugc & cau a), c6 nhén xét gi vé nhiét do & thanh ph6 Vinh
trong thang 2 va thang 12 (clia 30 nam dugc khio sat)

11 - SO TRUNG VI

Vi du 2. Diém thi Tosn cusi nam clia mot nhém 9 hoc sinh 16p 6 1a

1;3;6;7;8;8;9;10.

Diém trung binh clia cd nhém la ¥ ~ 5,9,
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Ta thdy hdu hét hoc sinh (6 em) trong nhém 6 s6 diém vuot diém trung

binh vi c6 nhiing diém vuot rit xa. Nhu vay, diém trung binh ¥ khong dai

dién duge cho trinh do hoe lye cia cde em trong nhém.

Khi cic 6 licu thdng ke o6 su chenh 1¢ch 16n thi s6 trung binh cong khong
i u d6. Khi d6 ta chon s6 dac trung khdc dai dién

rung vi.

thich hop hon, d6 Ia

Sdp thit ti cde s ligu thong ké thanh da
khong tang). S6 trung vi (ciia c
hiéu M, 1 56 ditng giita day néi s6' phan tic1a 16 va la trung binh
cong ciia hai 56 ditng giita day néi s6' phan tit la chan.

 khong gidm (hodc
i« thong ké da cho) ki

Trong vi du 2 ta c6 M, =

Vi du 3. Diém thi Todn clia bon hoc sinh 16p 6 duge xép thanh diy khong
gidma1;

Trong ddy ndy c6 hai s6 ding gidia 12 2,5 va 8.

Khi d6, ta chon s6 trung vi 13 trung binh cong cita hai s6 nay
2,5+8

=5,25.

2
ﬁTmng bang phan b6 tén s6, cac s6 liéu théng ke da dugc sap the ty thanh day
khong gidm theo c4c gié trj clia chuing.
Hay tim s6 trung vi ctia cac s6 ligu théng ké cho & bang 9.
S6 40 ban dugc trong mot quy & mot cia hang ban éo so mi nam

[ Ca 40 [36 [ 37 [38 39 [40[a1[42] cong |

‘(sdalina:%mc) 13 | 45 ‘126 ‘ 110 ‘ 126‘ 40 ‘ 5 | 465 |

1 -MOT
G 16p 7 ta da bict

|| MGt ciia mot bang phan bé' tin s6'la gia tri cé tan s6'lén nhdt

va duge ki hiéu la Mo
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Trong bang 9, ¢ hai gid tri 1a 38 va 40 cling ¢6 tan s6 16n nhat 1a 126,
trong trudng hgp ndy ta coi rang c6 hai m6t la

W _ Q) _
MY =38, MP =40

Két qué vira thu duge cho thiy rang trong kinh doanh, cita hang nén uu tien
nhap hai & 40 6 38 va 56 40 nhiéu hon.

Bai tap
Tinh 56 trung binh cong cita céc bang phan bd da duge 1ap & bai tap s6 1 va
bai tap 56 2 cita §1.
Trong mot trudmg THPT, dé tim hicu tinh hinh hoe mon Toén ciia hai 16p
10A va 10B, ngudi ta cho hai 16p thi Ton theo ciing mot dé thi va lap duge
hai bang phan b6 tan s ghép 16p sau day

Diém thi Todn ciia I6p 10A

Lép diém thi Tén s6
[0;2) 2
2;4) 4
[4:6) 12
[6:8) 28
(8;10] 4
Cong 50

Biém thi Todn ciia l6p 10B

L6p diém thi Tén s6
052) 4
2:4) 10
[4:6) 18
[6:8) 14
[8;10] 5
Cong 51

Tinh cdc 56 trung binh cong cita hai bing phan b6 & trén vi néu nhan xét
vé ket qué 1am bai thi cia hai 16p.



3. Diéu tra tién luong hang thang cla 30 cong nhan ca mot xudng may, ta c6
biing phan b6 tn s6 sau
Tién luong ciia 30 cong nhn xusng may
[ Tién luong (nghin déng)  [300 [500 [700 [800 J900 J1000 [Cong |
Tin 56 [3 516 [5[6 s [30

Tim mét cia bing phan b6 trén. Neu § nghia cita ket qud da tim duge.

=

Tién luong hang thang clia 7 nhan vien trong mot cong ti du lich Ia : 650,
840, 690, 720, 2500, 670, 3000 (don vi : nghin déng).

Tim 6 trung vi cita cdc s licu thong ke da cho. Neu § nghia ciia két qua
da tim duge.

5. Cho biét tinh hinh thu hoach Ia vu miia nm 1980 ciia ba hop téc xa & dia
phuong V nhu sau

Hop tdc xa  |Nang suat Ita (ta/ha)] Dién tich trong Ida (ha)
A 40 150
B 38 130
c 36 120

Hiy tinh nang sudt lda trung binh ctia vy miia nam 1980 trong toan bo ba
hop téc xa ké trén.

ﬁ 4i PHUONG SAI VA PO LECH CHUAN

I - PHUONG SAI

Vi du 1. Cho bi¢t gid tri thanh phdm quy ra tién (nghin déng) trong mot
tudn lao dong ctia 7 cong nhan & 16 1 1a

180, 190, 190, 200, 210, 210, 220, )
con clia 7 cong nhan & 16 2 Ia
150, 170, 170, 200, 230, 230, 250. @



Ta thy s trung binh cong ¥ cia ddy (1) va s6 trung binh cong ¥ ciia diy
(2) bang nhau
200.

Tuy nhién, khi so sénh day (1) v ddy (2) ta thdy céc s6 licu & dy (1) gin
v6i 6 trung binh cong hon, nén ching déng déu hon. Khi d6 ta néi céc s6
lieu thong ke & ddy (1) it phan t4n hon day (2).

DE tim 56 do o phan tén (so v6i s6 trung binh cong) ciia day (1) ta tinh

Cdc do léch ciia mdi s6ligu thong ké d6i v6i 6 trung binh cong
(180 — 200) 3 (190 — 200) 5 (190 ~ 200) 5 (200 ~ 200) ; (210 ~ 200) ;
(210 - 200) 5 (220 - 200).

Binh plitong cdc do léch va tinh trung binh céng ciia chiing, ta ditgc
2_(s0 —200)° +2(190 — 200)° + (200 — 200)° +2(210 - 200)° + (220 — 200)>
2=

7

~ 171,4.

S 7 duge goi 12 phuong sai ciia ddy (1).

Tuong ty phuong sai s3 clia diy (2) 1a
(150 — 200)2 + 2(170 — 200)? + (200 — 200)° +2(230 — 200)% + (250 — 200)*
7

2 _
5=

~ 12286.

Ta thily phuong sai cila ddy (1) nhd hon phuong sai ciia ddy (2). Diéu d6
bidu thi do phan tdn cita cée 6 li¢u théng ke & day (1) it hon & day (2).

Vi du 2. Tinh phuong sai s> ciia cdc 56 lidu thong ké cho & bang 4, §1
(ciing goi 1 phuong sai ciia bang 4).

SG trung binh cong cita bang 4 14 ¥ = 162 cm.

Mi 56 ligu théing ke thuge mot 16p duge thay the b gid tr dai dién ciia 16p 6.

a) Phuong sai s> ciia bang 4 (bang phan b6 tdn s6 va tdn sudt ghép 16p)
duge tinh nhu sau
26053 - 162)% +12(159 — 162)> + 13165 — 162)> + 5171 — 162)°
: 36
~31. &)
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HE thie (3) bidu thi cdch tinh gdn diing phuong sai ciia bang 4 theo tdn s6.
b) Tir (3) ta ¢6
3 5
s = i(153 ~162)? + 2(159 —162)> + 17(155 —162)% + —(171 - 162)*
36 36 36 36
hay

3
2 1‘7(1537 162)* +£(l§9— 162)° +36—‘I(]65— 162 +ﬁ(17| ~ 162
100 100 100 100

~31. (]
H¢ thitc (4) biéu thi cdch tinh gdn diing phitong sai ciia bang 4 theo tdn sudt.
CHU Y
a) Khi hai ddy s6 licu thng ke c6 cing don vi do vd ¢6 s6
trung binh cong bing nhau hodc xép xi nhau, néu phuong sai
cang nhd thi mic do phan tén (so véi s6 trung binh cong) clia
céc 56 lidu thong ké cing bé.

b) C6 thé tinh phuong sai theo cdc cong thc sau day
Truéng hop bang phan b6 tan s, tin sudt

2 1, _72 o — )2 .
s ”[ul(.\l—.\) iy — T (g

= f0q =T+ f05 = TP 4+ fl - T

trong d6 n;, f; 1dn luot 1 tin s6, tan sudt cha gid tri x; ; n 12
s chc s6 licu thong ke (n = ny +nmy + ...+ m) ; ¥ 1256 trung
binh cong ciia céc s6 licu da cho.

Truéng hop bang phan b6 tdn s, tin sudt ghép lép

2_1 =2 =2 o2
5 :;[nl(cl—.\v) + (e ~ TP+t mley ~ D7

= file, =T + fo(cy =T + .+ filey - T

trong d6 ¢;, n;, f; lan lugt 1a gid tri dai dién, tdn s, tin suat
cha 16p thd i ; n 1a s6 chc s6 licu thong ke
(n=m +ny +..+m) ; T 1as6 trung binh cong clia céc s6
li¢u thong ke da cho.
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Ngodi ra, ngudi ta con chiing minh duge cong thic sau

trong d6 x> 1a trung binh cong cita cdc binh phuong s6 licu

thong ke, titc 1a

1. .2 ) 5T R )
= ;("l"l FNyXy ot mXE) = [+ Hy o+ X

(d6i v6i bing phan b6 tin s6, tdn sui),

2 .
= het + hey + ot i}

1.2 2 2
~ne} el ke

(di v6i bang phan b6 tdn s6, tan sudt ghép 16p).

ﬁuay tinh phuong sai ctia bang 6 (3 §2).

PO LECH CHUAN

Trong vi du 2 & trén, ta di tinh duge phuong sai ctia bang 4 (& §1) bang
2 ~ 31 Néu dé ¢ dén don vi do thi ta thdy don vi do ciia s> 1a cm” (binh

phuong don vi do cita ddu hiéu duge nghién ciiu). Mun trdnh diéu nay, c6

thé ding can bdc hai ciia phiong sai goi la dé léch chudn (clia bing 4) va

ki hieu la s. Vay

V% ~ 31 = 5,6 (cm).

Phucong sai s va do léch rhuun s déu duge ding dé danh gid
mitc d¢ phan tan ciia cdc éu thong ké (so voi so trung
binh cong). Nhing khi cdn chii § dén don vi do thi ta ding s,
Vi s ¢6 ciing don vi do véi ddu hiéu dicge nghién citu.

2
ﬁHéy tinh @5 lech chuén ciia bang 6 (& §2).
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BAI POC THEM

SU DUNG MAY TINH BO TUI CASIO fx - 500MS
DE TIM SG TRUNG BINH CONG VA
PO LECH CHUAN

Vi dy. Cho bang phén b6 tin s6
Khéi Iugng cda 30 con thén Ian

‘Khdi\uqng(gam)‘ 140 ‘ 150 | 160 | 170 | 180 ‘ 190 | cong [
[ mnss [ 2|3 [ s o s [ 3]
Sif dung méy tinh b6 tGi CASION-500MS, N

ta tim s6 trung binh cong T va do lech
chugn s ciia bang phan bs da cho nhu sau

1. Chon MODE cho phép tinh théng ké :

an [MODE][2]

2. Xoé nhitng bai théng ké cii

&n 1an luot

3. Nhap di liéu

Tuong ty d6i véi cac cot 160, 170, 180, 190
4. Goi két qua

a) Bé tim ¥, &n [SHIFT]
Kétquala ¥ =169 (gam)
b) D& tim s, &n

13,5 ; day chinh la gi4 tri s can tim.

) Khong cén nhap dung thit ty cia s liéu
DE goi dif liéu (da nhap), &n [+ Jhoac [~].
C6 thé hiéu chinh s6 liéu hodc tAn s6 nhu sau

Goi 6 liu (hay tan s6) do, 16i nhap gia tri mGi va &n[=], gia tri méi s& thay thé
gia tri cii.

C6 thé xo& mot dir liéu béing cach goi nb Ién, réi &n [SHIFT
dir ligu con lai s& ty dong dén s thit ty lai).

b) D6i véi bang phén b6 tan s6 ghép 16p, ta st dung cac gi tri dai dién clia cac
16p va lam tuong ty.
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Bai tap
Tinh phuong sai va do léch chudn cita bang phan b6 tan s6 da dugc 1ap &
bai tap | va cia bang phan b6 tin s6 ghép 16p cho & bai tap 2 cia §1.
Hai 16p 10C, 10D ciia mot trudng Trung hoc phé theng déng thdi lam bai

thi mon Naif van theo ciing mot dé thi. Két qua thi dugc trinh bay & hai
béng phan b6 tin s sau day

Diém thi Ngit van ciia lp 10C
[ piémmi [5s[6[ 7] 8]
[ manss |37 [12]1a]

Diém thi Ngit van ciia 16p 10D
[ piémmi [ 6 [ 7 [ 8 [ 9 [ Cong |
[ mnss [ s [ 810 [ 4] a0 |
a) Tinh cdc s6 trung binh cong, phuong sai, do lech chudn cita cdc bing
phan bS tin s6 da cho.
b) Xét xem ket qu 1am ba

i thi clia mon Ngif van & 16p nao la déng déu hon ?
Cho hai bing phan b tén s6 ghép 16p
Khoi litgng ciia nhém ca me thit 1

[Lop kngi lugng (kg) [ 106:08) [108:10) [110:12) [11.2; 141 [Cong |
Tin s6 4+ | s | s E

Khdi liomg ciia nhom c mé thic 2
[Lop khoi lugng (kg)]05; 07)[10.7: 09)[[09: LO][L1; 13)][1.3: 15]] Cong |
Tinss | 3 4 6 4 [ 3 |20 |

a) Tinh céc s6 trung binh cong clia cdc bang phan bé tin s6 ghép 16p da cho.
b) Tinh phuong sai clia cdc bang phan bé tan s6 ghép 16p da cho.
) Xét xem nhém c4 nao c6 khai lugng déng déu hon ?

ON TAP CHUONG V

Chi r5 céic bude dé
) Lap bang phan b6 tan suat ghép 16p ;
b) Lap bang phan b6 tin s6 ghép I6p.



2. Neu 16 cdch tinh s trung binh cong, s6 trung vi, mot, phuong sai va do
léch chudn.

Két qué diéu tra 59 ho gia dinh & mot ving dan cu vé s6 con cia méi ho
gia dinh dugc ghi trong bang sau

3.

3 2 1 1 1 i 0 2 4 0 3 0
1 3 0 2 2 2 1 3 2 2 3 3
2 2 4 3 2 2 4 3 2 4 1 3
0 1 3 2 3 1 4 3 0 2 2 1
2 1 2 0 4 2 3 1 1 2 0

a) Lap bang phan b6 tin s6 va tan suét ;

b) Néu nhan xét vé s6 con ciia 59 gia dinh da dugc diéu tra ;

¢) Tinh s6 trung binh cong, s6 trung vi, mét ctia céc s6 liéu thong ké da cho.
4. Cho cdc s6 liéu théng ke dugc ghi trong hai bang sau day

Khéi litgng (tinh theo gam) ciia nhém cd thit 1
645 650 645 644 650 635 650 654
650 650 650 643 650 630 647 650
645 650 645 642 652 635 647 652
Khoi licgng (tinh theo gam) ciia nhém cd thit 2
640 650 645 650 643 645 650 650 642
640 650 645 650 641 650 650 649 645
640 645 650 650 644 650 650 645 640

a) Lap bang phan b6 tin s6 va tin sust ghép 16p theo nhom cé thit 1 véi cc
16p Ia

[630; 635); [635;640);[640; 645); [645;650); [650;655];
b) Lap bing phan bs tdn s6 v tdn sut ghép 16p theo nhém cé thit 2 véi céc
16p Ia

[638;642); [642;646); [646;650); [650;654];

¢) M6 ta bang phan b tan suat ghép 16p da duoe 1ap & cau a) bing cdch v&
biéu d6 tan suat hinh cot va dudng gdp khiic tan sudt ;
d) M6 ta bang phan b tan s& ghép 16p di duge 1ap & cau b), bang cich vé biéu
d6 tin s6 hinh cot va dudng gép khiic tin s6 ;
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@) Tinh s6 trung binh cong, phuong sai va do léch chudn ciia céc bang phan
b6 tdn s6 va tan suat ghép 16p da lap duge.

Tir d6, xét xem nh6ém c4 nao ¢6 khi lugng déng déu hon.

5. Cho cdc s6 liéu thong ké dugc ghi trong bang sau

Miic luong hang nam ciia cdc can bg va nhan vién trong mot cong ti (don

vi : nghin déng)

20910 76000 20350 20060
21410 20110 21410 21360
20350 21130 20960 125000

Tim mie luong binh quan ciia céc cdn bo vA nhan vién trong cong ti, s6
trung vi ciia céc 6 liéu théng ke da cho.

Néu § nghia ciia 6 trung vi.

.

Ngudi ta da tién hanh tham do § kién cia khdch hang vé cdc méu 1, 2,3, 4,5

clia mot loai san phdm méi duge san xudt & mot nha médy. Dusi day Ia bing
phan bs tn s6 theo s6 phiéu tin nhiém danh cho cdc mAu ké tren.

Mau [ 1

3

[ 5 [ con]

[ minss [ 2100 | 1860 | 1950 | 2000 [ 2090 | 10000 |

a) Tim mot cita bang phan b6 tén s da cho.

b) Trong sén xuét, nha méy nén wu tién cho mAu nao ?

Bdi tGp tréc nghiém

Chon phicong dn ding trong cdc bai tp sau

7. Cho bang phan b6 tan s6

Tién thudng (triéu dong) cho can b va nhan vién trong mot cong ti.

‘ Tién thuong | 2 ‘

3|4‘5|6|C@ng|

‘ Tén s6

[5J15JIOJ6]7I 43 ]

Mot cita bang phan b6 tin s6 da cho Ia

(A) 2 triéu déng ;
(C) 3 triéu déng ;

(B) 6 trieu déng ;
(D) 5 trieu déng.



8. Cho bing phan b6 tdn s6

Tudi ciia 169 doan vién thanh nién

[ Tudi [ 18 T 19 [ 20 [ 21 [ 22 [cong]
| mnss [ 10 [ 50 [ 70 [ 20 [ 10 | 169 |
S6 trung vi ctia bang phan b6 tin s6 da cho la

(A) 18 téi ; (B) 20 tudi ;

(©) 19 téi ; (D) 21 wéi.

9. Cho ddy s6 liéu thong ke : 21, 23, 24, 25, 22, 20.
S6 trung binh cong cita cdc s lieu thong ke di cho Ia
(A)235; (8)22;
©225; (D) 14.
10. Cho day s6 liéu thong ké : 1,2,3,4,5,6,7.
Phuong sai cita cdc s6 liéu thong ké da cho 1a
[CVR (B)2;
©3; (D) 4.
11. Ba nhém hoc sinh gdm 10 ngudi, 15 ngudi, 25 ngudi. Khéi lugng trung

binh ctia méi nhém lan lugt 1a : 50 kg, 38 kg, 40 kg. Khéi lugng trung binh
cua ci ba nhém hoc sinh 1a

(A)4l4ke; (B) 42,4 kg 5
(©26kg; (D) 37 kg.

Bai t@p thuc hanh danh cho cac nhém hoc sinh
(m&i nhém tir 3 dén 5 hoc sinh)

Chon mot 16p hoc trong trudng réi thyc hién cdc hoat dong sau
1. Diéu tra va thu thap cdc s6 liéu thong ke trén 16p hoc da chon theo mot diu
hiéu nao d6 do nhém ty lya chon (vi du nhu s anh chi em rugt ciia ting
gia dinh ; thdi gian danh cho hoc Todn & nha ciia méi hoc sinh ; chiéu cao
clia méi ngudi trong 16p ; diém kiém tra Todn ctia timg hoc sinh trong ki
kiém tra gan nhat ; ...).
2. Trinh bay, phan tich, xit If cdc s6 liéu thong ke da thu thap duge.
3. Rt ra két lugn va dé xuit cdc kién nghi.
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CUNG VA GOC LUONG GIAC.
CONG THUC LUGNG GHIC

Il

Trong chuong nay, hoc sinh dugc cung cép cac khai niém
Vvé dudng tron dinh huong, cung va goc luong giac (mé
rong khai cung va géc hinh hoc) chun bj cho viéc
xay dung khai niém cac ham s6 luong giéc 6 16p 11. Cing
trong chuong nay, hoc sinh duoc hoc cac cong thic luong
gic co ban nhat va biét van dung cac cong thuc nay dé
thuc hién cac bién doi luong giac.

CUNG VA GOC LUONG GHAC. CONG THUT LUQNG GHIC




CUNG VA GOC LUONG GIAC

I - KHAI NIEM CUNG VA GOC LUGNG GIAC

1. Pudng tron dinh hudng va cung lugng giac
Ciét mot hinh tron bing bia cing, ddnh diu '
tam O va dudng kinh AA". Dinh mot soi day
vao hinh tron tai A. Xem day nhu mot truc s6
1, géc tai A, don vi trén truc bang bén kinh
OA. Nhu vay hinh trdn ndy c6 bén kinh R = 1.
Cu6n day 4p st dudng tron, diém 1 trén truc

£t chuyén thanh diém M, trén dudng tron,
diém 2 chuyén thanh diém M,, ... ; diém —1

thanh diém Ny, ... (h.39). '

Nhu vay mi diém trén trye s6 duge dat tuong X!
Ging v6i mot diém xédc dinh trén dudng tron. % AL

Mot

Nhdn xét
a) Véi céch dat tuong dng nay hai diém khéc 2
nhau trén truc s6 ¢6 thé dng v6i cling mot
diém trén dudmg tron. Chang han diém 1 trén

true s6 Gng véi diém My, nhung khi cudn
quanh dudng trdn mot vong nifa thi ¢6 mot Hinh 39

diém khdc trén try ng tng véi diém M.

b) Néu ta cudn tia Ar theo dudng tron nhu trén hinh 39 thi méi thue
duong 7 ding v6i mot diém M trén dudng tron. Khi ¢ tang ddn thi diém M
chuyén dong trén dudng trdn theo chiéu nguge chidu quay ciia kim déng
hé. Tuong ty, n€u cudn tia A’ theo dudng tron thi mbi s6 thyc am 7 Gng v6i
mot diém M trén dudng tron va khi ¢ giam ddn thi diém M chuyén dong
trén dudng trdn theo chidu quay clia kim déng hé.
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Ta di 16i khi niém dudng tron dinh hudng sau day :

Duong tron dinh huéng la mot \ %
diwong tron trén d6 ta d@ 4
chiéu chuyén dong goi
ditong, chiéu ngirge lai la chiéu am.
Ta quy wée chon chiéu nguge véi
chiéu quay ciia kim dong hé lam
chiéu diong (h.40). Hinh 40

Trén dudmg tron dinh hudng cho hai diém A va B. Mot diém M di dong trén
dudng tron ludn theo mot chiéu (am he duong) tir A dén B tao nén mot
cung heong gidc ¢6 diém dau A diém cudi B.

Hinh 41 cho ta hinh anh ciia bon cung lugng gidc khéc nhau 6 ciing diém
ddu A, diém cudi B.

a)

d)

Hinh 41

Ta c6 thé hinh dung mot diém M di dong trén dudng trdn tir A dén B theo chidu
nguge v6i chiéu quay ciia kim dong hé, né lin lugt tao nén cdc cung 16
dam trén hinh 41. Néu dimg lai ngay khi gap B lin ddu, né tao nén cung t6
dam trén hinh 41a), néu né dimg lai sau khi quay mot vong rdi di tiép gap
B lan thit hai n6 tao nén cung t6 dam trén hinh 41b),...

Khi M di dong theo chiéu nguge lai, n tao nén cung t6 dam trén hinh 41d)
néu né ding lai khi gap B lin ddu,...

MGi lin diém M di dong trén dudng tron dinh hudng luon theo mot chidu
(am hodic duong) tir diém A va dimg lai & diém B, ta duge mot cung lugng
gidc diém déu A diém cusi B. Nhu vay

Vi hai diém A, B da cho trén dicomg tron dinh hudng ta c6 vo
6 cung litgng gidc diém ddu A, diém cudi B. M6i cung nhu

vy déu diege ki higu la AB .



CHUY
Trén mot dudmg tron dinh huéng, 14y hai diém A va B thi

K hi¢u AB chi mot cung hinh hoc (cung I6n hodc cung bé)
hoan toan xéc dinh.

Kihi¢u AB chi mot cung lugng gide diém ddu A, diém cudi B.

2. Géc lugng giac D
Trén dudng tron dinh huéng cho mot
cung lugng gide €D (h.42). Mot diém M \
chuyén dong trén dudng tron tir C t6i D M
tao nén cung lugng gide €D néi tren. (8

Hinh 42

Khi d6 tia OM quay xung quanh géc O
tir vi trf OC 16 vi tf OD. Ta néi tia OM
tao ra mot géc lugng gide, c6 tia diu 1a
0OC, tia cudi 1a OD. Ki hiéu géc lugng
gide d6 1a (OC, OD).

3. Dudng trén lugng giac
Trong mat phing toa do Oxy v& dudng
tron dinh hudng tam O ban kinh R = 1
(h.43).
Dudng trdn ndy cit hai tryc toa do tai
bon diém A(1 ; 0), A'(-1; 0), B ; 1), B(0;-1)
B'(0 ; ~1). Ta ldy A(1 ; 0) lam d
cita dudmg tron d6.

L Hinh 43

DPudng tron xdc dinh nhu trén duge goi 1a duomg tron luong gidc (goc A).
11 - SO PO CUA CUNG VA GOC LUONG GIAC

1. D6 varadian

a) Pon vi radian

Pon vi do di duce sir dung dé do géc tir rdt 1au ddi. Trong Todn hoe va Vat
1f ngudi ta con diing mot don vi nita dé do géc va cung, d6 1a radian (doc I
ra-di-an).
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Trén hinh 39 ta thdy do dai cung nhé AM; bing 1 don vi, tdc 1a bing do dai
béin kinh. Ta n6i s6 do cia cung AM, (hay s6 do cita géc & tim AOM, ) bing
1 radian (viet tt 1a 1 rad). Téng quét
Trén duomg tron ey $, cung c6 do dai bing ban kinh dicge goi
la cung ¢6 s6 do 1 rad.
b) Quan hé giia o va radian
Ta biét do dai cung nira dudng tron Ia TR, nén trong hinh 43 56 do ciia
cung AA' (hay gée bet AOA") 1 rad (vi R = 1). Vi géc bet ¢6 56 do do 1a
180 nén ta viét 180° = 7 rad.

Suy ra

V6i 3,14 thi 1° ~ 0,01745rad va 1 rad ~ 57°17'45".
CHOY
Khi viét s6 do ciia mot gée (hay cung) theo don vi radian,
ngudi ta thudng khéng viét chif rad sau s6 do. Chang han cung

I duoe hiéu Ia cung = rad.
2 2

Bdng chuyén déi thong dung

Do | 30° [ 45° | 60° | 90 | 120° | 135" | 150" | 180°
Radion | Z | Z | T | T |20 3m ) S
6 4 3 2 3 4 6

1

%\su dung may tinh bo tai dé ddi tir d6 sang radian va nguoc lai.
Néu diing méy tinh CASIO fx-500MS ta lam nhu sau
a) DG 35°4725" sang radian

An ba lan phim 16i 8n[2] d& man hinh hién chit[R7]. Sau d6 &n lién tigp

cho két qua 06247 (da lam tron dén bdn chif s& thap phan).
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b) D8i 3 rad ra do

An ba lén phi @& man hinh hién chir[D]. Sau dé &n lién tigp

cho két qua 171°53°14” (da lam trén dén giay).

) Do dai clia mot cung tron

Trén dudng trdn bén kinh R, cung nita dudng trdn ¢6 s6 do la 7 rad va c6
do dai Ia TR. Vay

Cung ¢6 56 do o rad ciia dicomg tron ban kinh R c6 dé dai

2. 86 do clia mét cung lugng giac

Vi du. Xét cung luong giée AB trong hinh 44a). Mot diém M di dong trén
dudng tron theo chiéu duong. Khi M di dong tir A dén B tao nén cung %

dudng tron, ta néi cung nay 6 s6 do % sau dé di ti€p mot vong tron nifa

(thém 2m), ta duge cung lugng gide AB c6 56 do la §+ o= 5—2"

Tuong ty, cung luong gide AB trong hinh 44b) ¢6 56 do Ia

1+2n+2n:9—n
2 2

Cung lugng gide A trong hinh 44c) lai ¢6 s6 do 1a

T 251
—=-2n-2n-2n=-"—

n

y y

i
o A
x 0| Allx %
a) b) <
Hinh 44
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Tir céc vi du néu trong hinh 44 ta thay
S do ciia mot cung liiong gide AM (A M) la mot 6 thitc,
am hay dicong.
Ki hi¢u s6do ciia cung AM la sd AM.

2

Cung lugng gidc AD (h.45) ¢6 s6 do 1a bao nhiéu ?
GHINHO

S6 do cita cde cung lugng gidc c6 cing
diém déu va diém cusi sai khéc nhau mot
boi clia 27 Ta viét

Hinh 45
sdAM=a+kon ke Z

trong d6 & 1a s6 do cila mot cung lugng gide tuy ¥ c6 diém diu 1a A va
diém cusi 1a M.

Khi diém cu6i M triing v6i diém ddu A ta c6
sdAA=kem ke Z;
Khi k=0 thi sd AX =0.
Ngudi ta cling viét s6 do bing d. Cong thic téng quit clia s6 do bang do

cita chc cung lugng gide AM 1a

sdAM= a® + k360°, k e Z

trong d6 a° 13 6 do ciia mot cung lugng gide tuy § c6 diém ddu 1a A va diém
cudila M.

3. 86 do clia mét géc lugng giac
Ta dinh nghia

S6'do ciia géc lwong gidc (OA, OC) la s6 do ciia cung lugng

gidc At tuong ing.



A

3
Tim s6 do ciia cac géc luong gidc (OA, OF)
va (OA, OP) trén hinh 46 (diém E la diém

chinh giita clia cung A'B', AP =

Viét s6 do nay theo don vi radian va theo
don vi do.

CHUY Hinh 46
Vi mdi cung lugng gide dng v6i mot gbc lugng gide va nguge
lai, dong thdi s6 do clia cdc cung va gée luogng gide tuong tng
12 tring nhau, nén tix nay vé sau khi ta n6i vé cung thi diéu d6
ciing diing cho géc va nguge lai.

Biéu dién cung lugng giac trén dudng tron lugng giac

Chon diém géc A(1 ; 0) lam diém ddu ciia tat i cdc cung lugng gide trén
dudng tron lugng gide. DE biu dién cung luong gide c6 56 do « trén dudng
tron luong gidc ta cdn chon diém cusi M cia cung ndy. Diém cuéi M duge

xée dinh b he thiic sd AM = a.

Vi du. Biéu dién trén dudng tron lugng gidc cdc cung lugng gide c6 s6 do
1an luot 1a

251 o
= b) ~765°.
a) i )

Gidi

L P
4 a

Vay diém cu6i cia oung %" 1A diém
chinh gitta M cita cung nhé AB (h.47).
b) —765° = —45° + (-2).360°.

Viy diém cuéi cia cung ~765° 1a diém

chinh giita N ciia cung nhé AB' (h.47). Hinh 47
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Bai tap
1. Khi biéu dién céc cung luong gidc 6 s6 do khdc nhau trén dudng tron
lugng gide, c6 thé xdy ra trudng hop cdc diém cusi ciia ching tring nhau
khéng ? Khi nao trudng hop nay xdy ra ?
2. Déi 56 do clia cc gée sau day ra radian

2)18%; )57°30';
¢)-25°; d)-125%45".
3. DEi s do clia cfic cung sau day ra do, phiit, gidy
T 3n
a)— ; B)=—;
)18 )T
3
-2 d) =
) ) 7

4. Mot dudng tron ¢b ban kinh 20cm. Tim d¢ dai cta cdc cung trén dudng
tron dé ¢6 s6 do

n o
i b) 1,55 L il
V75 ) <)
5. Trén dudng tron lugng gide hiy biéu dién cde cung c6 s6 do
S
a)-=; b)135%;
e )
c)loT"; d)-225°.

6. Trén dudng tron lugng gide g6c A, xdc dinh cde diém M khdc nhau, biét
ring cung AM c6 s6 do tuong iing I3 (trong d6 k 1a mot s6 nguyén tuy ¥)
L L
a)km; b) k—; c) k—-
2 k3
7. Trén dudng tron lugng gide cho diém M xéc dinh bdi sd AM = o (0 <o <§),
Goi My, My, My lin luot Ia diém d6i xting ciia M qua truc Ox, tryuc Oy va

g6c toa 6. Tim s6 do ciia cdc cung ANy, AM,, A3,
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GIA TRI LUONG GIAC CUA MOT CUNG

I - GIA TRI LUGNG GIAC CUA CUNG &
1

Nhéc lai khai niém gia tri lugng giac cia goc a, 0° < o < 180°.
Ta c6 thé m& réng khai niém gié tri Iugng giac cho cac cung va gée luong giac.

Trén dudng tron lugng gide cho cung
AB1c6 sa AM=a (con viet AV =a)
(h.48).

Tung d6 y = OK cita diém M goi 12 sin
clia @ va ki higu la sinar.

Hoanh do x = OH ciia diém M goi I
cosin clia @ va ki higu Ia cosa .

cosa = O Hinh 48

na

Néu cosar # 0, ti 56 =% goi Ia tang cita @ va ki hi¢u Ia tana (ngudi ta
cosar
cdn diing ki hieu tga)

Néu sina # 0, ti s6

cosa P ) S LR ™y .
B2 goi Ia cotang ciia @ va ki hi¢u 1 coter (ngudi ta
sina

con ding ki hiéu cotga)

Cdc gia tri sina, cosa, tana, cota dugc goi la cdc gid tri

luong gidc ctia cung a.

Ta ciing goi truc tung la truc sin, con truc hoanh la truc césin.
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CHUY

1. Céc dinh nghia trén ciing 4p dung cho cAc géc luong gifc.

2. Néu 0° < o < 180 thi céc gié tri luong gide ciia géc a chinh 1a
cAc gid tri lugng gidc ciia géc d6 di néu trong SGK Hinh hoc 10.

ﬁz
Tinh sin %T" €0s(-240°), tan(=405°).

2.Hé qua

142

1) sina va cosa xdc dinh véi moi @ € R. Hon nira, ta ¢6

sin(a+k2n) = sina, Vk € Z;

cos(a +k2m) = cosar, Vk € Z.

2)Vi-1<0K <1;-1< OH <1 (h.48) nénta c6

3) Véimoim € R md —1 <m <1 déutdn tai ava fsao cho sinar =m va
cosf=m

4) tana xéc dinh v6i moi o # ; +kn (k €Z).
That vay, tana khong xdc dinh khi va chi khi cosa = 0, tic I diém cusi
M ciia cung AM tring véi B hoic B (h.48), hay @ = 1 skn (ke Z).

5) cota xéc dinh véi moi a # km (ke Z). Lap luan tuong tu 4).

6) Diu cita cc gid tri lugng g
g6c @ phu thuge vio vi tri diém cu6|

clia cung AM = o tren dudmg tron
lugng gide (h.49).
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Bing xdc dinh ddu ciia cdc gid iri ligng gide

Géc phan tu
1 i 1 v
Gid tri lugng gide
cosa + - - +
sina + + = -
tana + - + -
coter + - + -
3. ugng giac clia cac cung dic bigt
n n n n
0 = = = -
“ 6 4 3 )
1
sina 0 = ﬁ £ 1
2 2 2
coser I RER R 0
2 2 2
tana 0 L 1 3 | Khong xédc dinh
an el 3 Ong xdc dinl
t Khong xdc dinh | 3 1 . 0
el o xdc =
cotar 0ng xdc dinl 3 W

IT - Y NGHIA HINH HOC CUA TANG VA COTANG

3
ﬂm dinh nghia clia sina va coscr, hay phét biéu y nghia hinh hoc cia chung.

1. Y nghia hinh hoc clia tana

tuyé&n r'Ar v6i dudng tron lugng gide. Ta coi

tuyén nay Ia

mot truc s6 bing cdch chon gdc tai A vi vecto don vi i = OB,
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Cho cung lugng gide AM ¢6 56 do Ia &
(a# % + kn). Goi T I giao diém cita

OM véi truc 1'At (h.50).
Gia sir T khong triing v6i A. Vi MH /[ AT,

tacs AL - 94 1346 suyra
HM  OH
AT _ OA
AL_94 )
HM OH

Vi HM =sincr, OH = cosar vi OA =
nén tir (1) suy ra

sin  HM _ AT _aT

cosa  OH OA
Khi T tring A thi & = knt va tana = 0.

tanar =

¥ t
B
7
L AT K
i * A
R 7 g
T
=
p
Hinh 50

|| tana dige biéu dién bdi dp dai dai 56 ciia vecto AT trén truc fAr.
Truc t'At ditge goi la truc tang.

Y nghia hinh hoc ctia cota

Tt B v& 1iép tuyén s'Bs v6i dudng tron
lugng gide va xéc dinh trén tiép tuyén
ndy mot truc ¢6 gdc tai B va vecto

Cho cung lugng gide AM c6 s6 do Ia
a(a# km).
Goi S 1a giao diém ciia OM va truc
$Bs (h.51).

Li luan twong ty muc trén, ta c6

cota dige bicu dién bii

Hinh 51

i 56 ciia vector BS trén truc

s'Bs. Truc s'Bs dige goi la truc cotang.



4
Rmy nghta hinh hoc clia taner va cota héy suy ra véi moi s6 nguyén ,

tan(a + kn) = tanar, cot(a + kn) = cota.

111 - QUAN HE GIUA CAC GIA TRI LUGNG GIAC
1. Céng thirc lugng giac co ban

DG véi cdc gid tri lugng gide, ta ¢6 cde hing ding thic sau

sin’a+ cos’a = 1
n
1+tan’a = azZvkn ke Z
2
L+cot'g=—s— a#kn, ke Z
sin“a
kn
tana . cota = 1, a#* T‘ks Z.

5
ﬁﬂx dinh nghia cia sinc, cosa héy chitng minh hang déng thitc dau tién, tir 6 suy
ra cac hiing dang thitc con lai.

2. Vidu ap dung

Vidu 1. Chosina =

n .

¥6i 2 <o < x Tinh cosa.
5 . 16 4

Gidi. Ta 6 cos’a = 1 - sin“cr = 7o dod6eosar= 4=

et a didm cufi o N A s 6
Vi <@ <7 nén diém cusi cia cung @ thude cung phin t thit I, do 46
cosa<0.

Vay cosa=

K
Vi du 2. Cho tana = —%, véi 77( < a < 2m. Tinh sina va cos a.
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. Ta c6

1

2
cosTa= ———=
1+tan”a

suy ra cosa

. 3n o s " .
Vi S <@ < 2n nén diém cusi cia cung o nim & cung phin w thi 1V, do

d6 cosa>0. Vay cosa=

Vidz_t}.Choa:§+kn,keZ.

cosa + sina

P 3
Chiing minh ring = tan’@ + tan’a + tanar + 1.

cos” @

T n g ggve i o
Gidi. Vi & # —+km nén cos @ # 0, do d6 ci hai v& clia dang thie cin

chiing minh déu ¢6 nghfa. Ta c6

cos@ +sina 1 cosa +sina

cos’a cola cosa
= (1 +tan’a) (1 + tane)
= tan’a + tan’ @ + tana + 1.
3. Gia tri lugng giac chia cac cung cé lién quan dic biét
5

1) Cung déi nhau : @ va -a.

Céc diém cudi ciia hai cung a= AM

va —a= AN d6i xting nhau qua truc
hoanh (h.52), nén ta c6

tan (-
cot(-a) = —cota.

Hinh 52

146



2)

Céc diém cudi ciia hai cung o= AM va
- a= AM' d6i xing nhau qua truc tung

(h.

Cung bit nhau : @va T - @

53), nén tacd

sin(x - @) = sinar
cos(n— @) = —cosar

tan(n - @) = —tana

cot(n — @) = —cota.

3)

Ciéc diém cudi clia hai cung a va (a + m) d6i
mg nhau qua géc toa do O (h.54), nén ta c6

X

Cung hon kém 7: ava (a+ ).

sin(a + ) = -sina
cos(a+ m) = —cosa

tan(@ + 1) = tanar

4) Cung phu nhau : ava (g - a],

cot(ar+7) = cota.

Hinh 54

Chc diém cu6i ciia hai cung @ va ( = o(j d6i xting nhau qua phan gidc d

ciia géc 0y (h.55), nén ta c6

2
P

a
2

I~ N

13 Gla Bla

g
5
9

a
e
P
SIE]
|
]

T
2

Hinh 55
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3in 0
tan——, sin(~1380°).
g o ( ).

Bdi tap
1. C6 cung @ ndo ma sina nhdn céc gid tri trong g sau day khong ?
2)-07; w2 o V2 d)g

»

Céc ding thiic sau ¢6 thé déng thdi xdy ra khong ?

¢)sina=0,7 va cosar =

3. ChoO< a<§. Xéc dinh ddu ciia céc gi4 tri lugng gide

a) sin(@ - 7) ; b) cos(%"—a
L3
o) tan(a+7); d col(a+z).
4. Tinh cdc gid tri lugng gide clia géc @, néu
) 3
a) cosi = m wh0< el b)sina= —0,7 in<a<ox;
13 2 2
15 3
c) tana:—7v5£<o(<n; d) cotar= -3 v5l<a<2n.
72 2
5. Tinh o, biét
a)cosar=1; b)cosa=-1;
c)cosa=0; d)sina=1;
e)sina=-1; ) sinar=0.
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CONG THUC LUONG GIAC

I - CONG THUC CONG

Cong thite cong 1a nhiing cong thifc biéu thi cos(a + b), sin(a + b), tan(a + b),
cot(a + b) qua chc gid tri luong gide cita cée gbe @ va b. Ta ¢6

cos(a — b) = cosacosb + sinasinb
cos(a + b) = cosacosb — sinasinb
sin(a — b) = sinacosb — cosasinb
sin(a + b) = sinacosb + cosasinb
tan(a - by =204~ tanb
1+ tanatanb

tana + tanb
tan(a + b) = —————

—tanatanh

Véi diéu kién Ia cdc biéu thitc déu c6 nghia.

Ta thita nhan cong thiic ddu. T cong thiic d6 ¢6 thé ching minh d& dang
chc cong thitc con lai. Chang han

cos(a+b) = cos[a— (~b)] = cosacos(~b) + sinasin(~b)

= cosacosh — sinasinb.

sin@—b)= cos[% g b)} = cos[(% - (4] “ b}
= cos(g = ujcosh = sin(" = a]sinh

= sinacosb — cosasinb.

1
ﬁHéy chiing minh cong thitc sin(a + b) = sinacosb + cosasin b
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Vi du 1. Tinh mn‘la—;.

Gidi. Ta c6

Vi du 2. Chiing minh ring
sin(@+b) _tana + tanb
sin(@—b) tana - tanb
Gidi. Ta c6
sin(a +b) _ sinacosb + cosasinb
sin(@—b)  sinacosh — cosasinb

Chia cd tif vi mau cia v& phai cho cosacosb, ta duge diéu phéi chiing minh.

11 - CONG THUC NHAN pOI

Cho a = b trong cdc cong thic cong ta dugc céc cong thitc nhan doi sau.

sin2a = 2sinacosa
2 ) .
cos2a = cos’a — sin’a = 2cos>a —1 = 1 - 2sina
2tana

1-tan’a

tan2a =

Tir céc cong thitc nhan doi suy ra céc cong thic

2 1+ cos2a

cos” a = ———

5 l-cos2a

sina = ——
2



2 1- cos2a
tan?a = ——>=d,
1+ cos2a

Céc cong thifc nay goi 1a céc cong thiic ha bc.

Vi du 1. Biét sina + cosa = % tinh sin2a.

s 2 2 2
Gidi. Ta c6 1 = sin’a + cos’a = (sina + cosa)’ — 2sinacosa

1 2
(O -
2

3
Suy ra sin2a = -—.
Y P
Vi du 2. Tinh cns%»

Gidi Tacs Y2~ cosE Zpco E 1.
2 4 3

s

Suy ra chszg =1+

Vay cos? = =
8

- x
Vi cos > 0 nen suy ra cos =

111 - CONG THUC BIEN POI TICH THANH TONG,

TONG THANH TICH

Céng thic bién ddi tich thanh téng

cosacosh =

[cos(a — b) + cos(a + b)]

sinasinb os(a — b) — cos(a + b)]

sinacosh

n(a — b) + sin(a + b))

Céc cong thifc trén duge goi 1a cde cong thite bién doi tich thanh tong.
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2
ﬁm céc cong thifc cong, hay suy ra céc cong thitc trén.

Vi dy 1. Tinh gid tri ctia cée biéu thitc

2] 2 2
. B3 5m 1 [131: Snj
B = sin—=sin 2% = —| cos| = — & | _ ¢
2424 2 24 24

3
2

2
)

1( T 37;] [1
= ~{cos T —cosT | =~ ~+
2073 4 2

)

13n

24

1442

2. Cbng thirc bign di tdng thanh tich

3

A

Bang cach d&t u=a - b, v=a+ b, hay bién d8i cosu + cos

2

inu + sinv thanh tich.

Ta goi céc cong thifc sau day 1a cic cong thitc bién doi tong thanh tich

utv o u-
cosut + cosv = 2cos cos:
LUty .on

cosu — cosv = —2sin sin

. . LUtV u-v
sinu +siny = 2sin cos——

N X v

sinu — siny = 2cos

Vi dy 2. Tinh

T St
A = cos— + cos— + cos
9 9 9

in



1.

Gidi. Ta ¢6
( L3 77(] 5t
A =| cos— + cos +cos—
9 9 9
4 m ( Snj
= 2€0S—C0s— — COs| T —
9 3 9
an An
= cos— — cos— = 0.
9 9
Vi du 3. Chiing minh ring trong tam gidc ABC ta ¢6

sind +sinB+sinC = 4ooscosZo0sS.
29059

Gidi. Trong tam gidc ABC tac6 A+ B+ C =m.
B _& C

2 2

T d6 suyra A

A+B

Vivgy, sin2t 2 :

€ .G
= cos—, sin— = cos:
2 2

Bay gidta 6

sind +sinB +sinC = 2sin AT B cog A= L 5 3n C oo
2 2°%32
C[ A « Fj
= 2cos—| cos +sin—
2 2
F[ A+ sj
= 2cos—| cos: + Cos:
2
A B C
= scosAcosBosE.
252
Bdii tap

Tinh

a) c0s225°, 5in240°, cot(-15°), tan75° ;

B, co»[~£), -
12 12
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2.

3.

4.

o

Tinh

a)cm[a +§j biet sing = = Va0 < @< g

b) lan[a——) biét cosar = —l va — <a<n
4 3 2

¢) cos(a + b), sin(a — b), biét

sina = % 0° <a<90° vasinb= %v 90° < b <180°.

Riit gon céc biéu thic

n

> a)sin (-b).

b) cos(f + a]cos(ﬁ - j Lt
4 4 2

B) Los(g - ujsm [f » b] —sin(a—b).

Chiing minh cdc déng thic

a) sin(a + b) + sm[

costa—b) _ cotacoth + 1
cos(a +b)  cotacoth — 1
2 a—sin?b = cos? b - cos? a.
¢) cos(a + b)cos(a - b) = cos? a — sin® b = cos® b — sin® a.
Tinh sin2a, cos2a, tan2a, biét

b) sin(a + bsin(a — b) = sin

: N 3n
@) sina =06 m<a <

5 n
b) cosa=-—vAL<a<nm
13 2
X 1 3n
¢) sina+cosa=— Vi = <a<m.
2 4
. 5 L
Chosin2a= —= va — <a<m.
9 2

Tinh sina va cosa.



7. Bi¢n d6i thanh tich cdc biéu thic sau

a) 1 - sinx; b) 1+ sinx;
) 1+2cosx; d) 1 - 2sinx.
sinx + si sinSx

8. Rt gon bicu thitc A = —t F SN TSN
€Os X + cos3x + cos Sx

ON TAP CHUONG VI

Hiy néu dinh nghia ciia sina, cosa vi gidi thich vi sao ta c6
sin(a+k2n) =sina; ke Z
cos(a+k2m) =cosa; k € Z.
2. Néu dinh nghia cla tang, cota va gidi thich vi sao ta ¢6
tan(a + kn) = tana, k € Z ;
cot (@+km)=cota, k € Z.
3. Tinh

R V2o
@) sina,néu cosar= —= A Z<a<;
. 5 3n
b) cosa, néu tana = 2\/5 vam<a <7 H

¢) tane, néu sina =

: 1.z
d) cota, néu cosar= —— Vi— < <.

42

4. Riit gon cdc biéu thic

2sin2a - sindar l+cos’ar
) =——————— b) tang| ———— —sina | 5
2sin2a + sinda sina

i (7[ ] [n ]
sin|——-a [+cos| ——a . .
4 4 7). ) SinSe  sinda

- (1( J (1( j 2cosda
sin[ = - a | - cos| = -
4 4

)
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Khong sir dung mdy tinh, hiy tinh
2n
a) cos—
) 3

251

< 10
©) sin ==~ tan— ;
3

b) sin 2 H
4

d) coszf - sinZE
8 8

Khong sir dung mdy tinh, hiy chng minh

J6

@) sin TS+ cos7F =25

=3coss°;

Chitng minh céc dong nhét thic

¢) sin65° + sin 55°

1-cosx + cos2x
a) ——————— =cotx ;
sin2x ¢

2o
c

2cos2x + sindx

b) an267° + @an93° = 0

d) cos12° — cos48° = sin18°.

. L
sinx +sin=
b)

1+ cosx +cos;

sini
d) tanx — tany =

sin(x—y)

cosxcosy

Chiing minh cdc biéu thifc sau khong phu thuge x

WA= sin(£+.\')fcm[£7
4 4
Yoz e):
3

©) C=sinx+ cm(l = ,\]Lm(ﬁ
3 3

b)B= cos[ﬂ
6

2x
1+ cos2x +sin2x

1 - cos2x +si

D=




Bdi tGp tréc nghiém
Chon phuong 4n ddng trong cédc bi tap sau

9. Gid tri sin 4;—7‘ la

1 V2 1
B) =3 C) H D) ——
()2 ()2 ()2

5 3 . N
10. Cho cosa = 7§ Viin<a< 7" Gid trj tana 1

4.

(A)

2. -
5 (B) 5 ©

E ;
11. Choa= ?ﬂ Gi trj cita bidu thitc cos3a + 2cos(t - 3a) sinz[% - 1,511] Ia

1 2-43
A) —; C) 03 D)y——.
¢ )4 © D) 7
2c082 X -1
12. Gié tri clia bicu thic A = ——8 1
1+ 8sin2 Zeos? T
88
= 2 2
A) ——; B) —; O—: D)—-
@ - ® = ©- ®

U 4sina+Scosa
13. Cho cota =—. G tri ciia bidu thite B = Zod T 298 1y
2 2sina - 3cosa

@ ® 2 ©13: e
17’ 9’ o 9
14. Cho tana = 2. Gié tri ciia bicu thite € = }L”z Ia
sin”a +2cos” a
5 10
A) =; B) 1; p) -2,
(A) 2 (B) (D) m
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CHI DAN LICH SU

Nhu moi khoa hoc khéc, Lugng giac phat sinh tif nhu cdu ctia doi séng. Sy phat
trién ca nganh Hang hai doi héi phai biét xac dinh vi tri cla tau bé ngoai bidn
khai theo Mzt Tri liic ban ngay va theo cac vi sao liic ban dém. Cac cudc chién
tranh doi hdi phai biét xac dinh nhiing khoéng céch 16n va Iap nhiing ban d6.
Ngudi néng dan can biét sy may d8i clia thai tiét trong nam d& san xusit cho kip
thasi vy, nén phai c6 lich, v.v...

Céc nhu cdu k& trén da lam cho mén Lugng gidc phat sinh va phat trién, Truoc
hét cac nha toan hoc Hy Lap d& gép phan dang k& vao viéc phat trién mon
Luong giéc va sau d6 O-le Ia ngudi da xay dung Li thuyét hién dai vé Ham s6
lugng giéc trong cudn "M& dau vé Gidi tich cac dai lugng vé cing bé" xust ban
nam

d-LE

O-le la mét trong nhiing nha toAn hoc 16n nhét tir xua dén
nay. Ong sinh tai Ba-lo (Thuy S7). Ong da phat trién tét ca
cac nganh Toan hoc, tir nhing van dé rét cu thé nhu
duong tron C-le, cho t6i nhimg khai niém hién dai nhat
nam & mai nhon cda tién bd trong thai dai ong

O-le da tién hanh nghién citu nhiing dé tai khoa hoc rét
da dang nhu Co hoc, Li luén am nhac, Li thuyét vé ban d6

L.O-LE dla li, Khoa hoc hang héi, cac vai € vé nudc triéu lén xusng,
(Leonhard Euler . Ong thudng b8 sung, hoan bj nhing Ii thuyét Toan
1707 ~1783) noc cil, va nghién citu thém nhitng Ii thuyét Toan hoc méi.

Trong cuc ddi minh, O-le da viét trén 800 céng trinh vé Toén hoc, Thién van va
Dia Ii. Ong da dat co s& cho nhiéu nganh Toan hoc hién nay dang dudc day &
bac dai hoc.

O-le la ngudi rat say mé va cén ci trong
cong viéc. Ong khong tir chdi bét ki vige gi,
i khé dén dau. Chang han, dé gidi mot bai
toan thién van, ma nhiéu nha toan hoc khac
doi héi mot thoi gian vai ba thang, thi ng
da giai xong chi trong ba ngay. Do nhiing &
gang phi thudng dé ong da mac benn va
héng méat mét phai. Vé sau, dng 0 ca
hai mét. Tuy thé, ng van nép tuc Iao dong
séng tao va khéng ngiing cong hién xus
séc cho khoa hoc trong sust 15 nam cudi
dai minh.

Tén ciia O-le dugc dat cho mot migng nii lira & phén trong thay dugc cia Mat Trang




ON TAP cUSI NAM

|- Cau hdi
1

Héy pht bidu cdc khing dinh sau day dudi dang didu ki¢n cdn va dit

Tam gidc ABC vuong tai A thi BC? = AB% + AC?.

Tam gidc ABC ¢6 cic canh thod man h¢ thic BC? = AB® + AC? thi
vuong tai A.

2. Lap béng bicn thien va v& dé thi ciia cc ham s6

w+2; byy=27; Oy=22-3x+1.

a))

3. Phit bidu quy tic xét ddu mot nhi thic bic nhat. Ap dung quy tic d6 dé
gidi bét phuong trinh

Gx-2G-9
2-70
4. Phét biu dinh 17 vé ddu clia mot tam thie bic hai f(x) = ax® + by + c.
Ap dung quy tac d6, hdy xéc dinh gid trj ciia m d tam thiic sau luon luon am.
f)
5. Neéu céc tinh chit cila bit dang thtc. Ap dung mot trong céc tinh chit d6,

hiiy so sanh cdc s6 23000 va 32000,

22 43x+1-m

6. ) Em hay thu thap diém trung binh hoc ki T vé mon Toén cita timg hoc
sinh 16p minh.
b) Lap bing phan b6 tan s6 va tin sudt ghép 16p dé trinh bay cdc s6 licu
théng ke thu thap duge theo cdc 16p [052), [2;4), [4:6), 6 8), [8 10].
7. Neu céic cong thc bién d6i lugng gide da hoc.

8. Neu cich giai h¢ hai bt phuong trinh bac nhat hai dn va gidi he
2x+y21
x-3y<lL

1l - Bai tap
1. Choham s6f0x) = Va2 + 3x + 4 — V—a2 +8x—15
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a) Tim tp xéc dinh A ciia ham s6 ().
b) GidsitB={xe R |4<x<5}
Hay xéc dinh cdc tap ANB v R \(A\ B).
2. Cho phuong trinh
m = 2x—dm—1=0.

a) Ching minh rang v6i moi gid tri m # 0, phuong trinh dd cho ¢6 hai
nghi¢m phan biet.

b) Tim gid tri cia m dé —1 1A mot nghi¢m ciia phuong trinh. Sau dé tim
nghi¢m con lai.

Fad

Cho phuong trinh
= dmx+ 9m—-1)>=0.
a) X¢t xem v6i gid tri ndo cita m, phuong trinh trén 6 nghiém.
b) Gid sit x;, x; 1 hai nghiém cita phuong trinh da cho, hy tinh t6ng va
tich cita ching. Tim mot h¢ thife gitta ¥, va x; khong phu thuge vio m.

¢) Xc dinh m dé higu cdc nghiém clia phuong trinh bing 4.

4. Chiing minh céc bit ding thiic sau
@S- <y —1<5 (=, néux—1>0;

4

5 5.5 4 s s
b)x"+y —xy—xy 20,bitraingx+y=0;

) Vda+1+ab+1+Jac+1 <5
biét ring a, b, ¢ cing 16n hon 7% Vaa+b+c=1.

5. Giai h¢ phuong trinh sau bang céich dua vé hé phuong trinh dang tam gide
X+3y+2z=

3x+5y -

Sx—2y-3z=

9

6. a) Xét dédu bidu thie
A =2x(x +2) - (x+2)(x + 1),
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2

=

b) Lgp biing bich thien va v¢ trong cling mot he tog o vuong gée cdc b
thi cta céc ham s6 sau

y=2x(x+2) ©
y=@+D@+D)  (C.
Tinh toa o cdc giao diém A va B cita (C)) va (Cy).

¢) Tinh céc he 56 a, b, ¢ dé ham 56 y = ax” + by + ¢ ¢6 gid tri 16n nhit bang
8 va d6 thi ciia n6 di qua A va B.
Chiing minh céc h¢ thic sau

3 1—z?mza _lowna pSnatsindatsinsa o
1+sin2a 1+tana cosa + cos3a + cosSa
4 4 2
sin” a —cos” a +cos” a g tan2xtan x .
o 4 AFCOS 4 _ o2l gy 20NBNY _ Gnoy
2(1 - cosa) 2 tan2x — tanx
Rt gon cdc bicu thic sau
1 + sin4a — cos 4 1+
sinda - cosda pltoosa, ba o
1+ cosda +sinda I-cosa 2
cos2x — sin4x — cos6x
€08 2. + sin 4x — cos6x
Tinh
a) 4(cos24° + cos48° — cos84° — cos12%).
.5 n L L3 T
b) 9633 sin—cos—cos ——cos —cos—
48 48 24 126
¢) tan9° — tan63° + tan81° - tan27°.
Rit gon
2x  4x 8 L L 3x S
) cosZcos - cos - cos— ; b) sin + 2sin 2 + sin
5 5 5 5 k 7 g

Chitng minh ring trong mot tam giéc ABC ta ¢6
a) tanA + tan B +tanC = tanAtan BtanC (A, B, C ciing khdc g) ;
b) sin2A + sin2B + sin2C = 4sin Asin BsinC.
Khong sit dung mdy tinh, hy tinh
sin 40° — sin 45° +5in 50°  6(v/3 +3tan 15

05 40° —cos45° +cos50°  3-3tan15°
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PAP s6

CHUONG 1

sl.
1. a) Ménh dé ;
b) La ménh dé chifa bién.

) LA ménh dé chia bién;
d) Ménh dé.

5.a)Vxe R : xl=x;
bdve R:x+x=0;

OVre R:x+(-)=0.
7.2)3n e N : n khong chia hét cho n
(ddng) ;
b)Vre Q: % #2(ding) :
dre R:xzx+1 (sai);

@) Vxe R :3xza® +1(sai).
2.
L a)A=1{0,3,6,9,12,15,18) ;
b)B={xe N [x=n(+1),1<n<5).
DACBVAZB;
bA=B.
. 2) @, {a), (b}, A3
b) @, {0}, {1}, {2}, {0, 1}, {0, 2},
(1.2).B.
§3.
. et #={C,0,1.T,N,E}
U #={C,0,H,I,T, N, E,0,G,
M AS.AY.K):
A\ B=(H);
B\ct=1{0,G,M,A,S, A, Y,K}.
)25 :b)20.
162

»

w

w

4. ANA=AIAUA=AAND=0;
AUD=A;CA=0:C,D=A.
§4.
S a)[-354130) 15205
©)(25+0);d) [-1:2)3
) (=05 +0).
a)[-1:3]:0)@;
©@:1d)[-2:2].
- ) (251130 (225 D5
©) (—032]3d) (3; +).
§5.
2. 1=174
3. a) a=3,141592654 ;
b) Véi b =314, A, < 0,002 ;

§a

w

v6i ¢ =3,1416, A, <0,0001.
4. b) 51139,3736.
5. b) 0,0000127 ; ¢) -0,02400.

On tap chuong |

8. ) Diing ; b) Sai.

9, BcBcBcCoAs;
EcDcBcCcA.

10.2)A={-2,1,4,7,10,13} ;

b)B=1{0,1,2,
11,12} ;

) C={-1,1}.
1LP&T:R&S; Qe X
12.2) (05 7)3b) (2:5)50) [3 5 +0).

,4,5,6,7,8,9,10,



13.a=2.289: A,<0,001.
14.347.
15. a) Diing ; ¢) Diing ; ¢) Diing.
16. (A).
17.(B).

CHUONG I1

x=2,y=3.

a) M thuge do thi ;

b) N khong thude d6 thi ;
¢) P thuc dé thi.

) Ham s6 chdn ;

w

&=

b) Khong 1a ham s6 chin, khong 1a
ham s61¢ 5

¢)Haim s6 1¢ 5

d) Khong 1 ham s6 chin, khong 12 ham
616

§2.
2. a)a=-5b=3;

ba=-1,b= a=0,b=-3.
3a)y=2v-5; byy=-1.
§3.

3 a)y=222+x+2;

d) y=2+"-3x+2 hoac

y=1627 +12x+2.

36, ¢ = 96.

On tap chuong Il

8. a)D=[-3;+0)\ (-1}
b)D:[—x:zi] 10)D=R.

1. a=-1,b=4.
12.0) a=1,b=-1,c=-1.
bya=-1,b=2,c=3.

13.(O).

14. (D).

15. (B).

CHUONG 111

st

3aa=1; byx=2;
Ox=3: d) VO nghiém.

4. a)x=0; b)x

d) Vo nghiém.

b) Vo nghiém ;

1
&) x=—t
) v=—s

2. ) m#3 thi nghiem 1a x=2"+1
-

m =3 phuong trinh vO nghi¢m.
b) m#2 vam # - 2 thi nghiém 1a
3

x=—;
m+2



m=2 thi moi x & R I nghiém ; 4.

m =2 phuong trinh v0 ngl

©)m# 1 thi nghi¢m lax = 1. s.
m=11thi moi x € R I nghi¢m.
45 qua.
4.9 x =1, x
6.
7.
5.b) x (387,\,~1721
B \,:71, 61333 ¢
&) 3 1,079, x, x~0,412. 3
6.
7.
0 x =253 dx=
8om=Tm q =4, 5=t
.
2 6
3

@) (2:05).

. N

Gid mbi qui quyt 12 800 déng, gid

méi qui cam 12 1400 déng. 9.

164

L ax=63

7.4

. Ba phan s6 d6 13%

Day chuyén thit nhét : 450 4o ;
Day chuyén thit hai : 480 do.

Ay =051

{w33)
1“2 1)

Gid mot 4o 13 98 000 dong, gid mot
quén 1 125 000 déng, gid mot véy 1
86 000 dong.

b) (x5 3) % (0,115 1,74) ;
@) (x5 (-4,003 1,57 ;

b) (x;y32)

171).

On tap chuong Il

b) Vo nghiém ;

Ox=242;

d) Vo nghiém.

341
©) (x3) B ﬁ)‘
sy (02530
d'("‘)’[ﬂ 37)'

Ngudi thif nhét son xong sau 18 gidy,
ngudi thit hai son xong sau 24 gid.

13)

)
83

wa)

432 sin phim.



10. Néu lam tron dén chir s6 thap phan
thi ba thi Két qua 1a
a) x *1,520; ~0,9203
b) x, #-0333;

> ~—1,000 5
©) x X07413 3, 26,741 5
@ 5

11. a) VO nghi¢m ;

~-0,707; x, ~-2,828.

by =43 =
12. @) Chiéu dai 12 31,5cm, chiéu rong 1a
15,7m.
b) Chiéu dai 12 39,6cm, chiu rong 1a
27,5m.
13. Naui thif nhit quét san mot minh
ngudi thit hai quét san mot

14.(0);

15. (A);

16.(C) : 17. (D).

CHUONG IV

§1.

1.d)

2.86C.

3. ) HD. Vi a, b, ¢ 11 do d2i ba canh

tam gidc nen

a+b-c>03b+c-a>0sc+a-b>0.
b) HD. Ap dung a) ¢6 (b-c)* <d®,
(c-a)’ <b*, (a-b)* <
Cong timg v ba bt ding thiic ndy.

4. HD. Xét hiu

3 +)

6. HD. Goi H 1 ti¢p diém ciia dudng
thing AB v6i dudng tron. Ta ¢

AB=HA+HB =2\NHA.HB.

§2.

Loayxe R\(0;~
byxe R\(1:3:2
xE-l;
d)xe (-os 1\ (-4}

3-2)3

IS

11
. a) x<——;b) VO nghi¢m.
) 200 ghi¢

5. a) \<—

§3.

2. a) l<v\’<I:
2

b)_<\<2

3<x<+m;

byx<-1:0<x<1;1<x<3;

©)-12<x<-4;-3<x<0;

d)fl<\<—'l<\<+x

3. a) ,\'s—z; 223
5
Bx<-5;
§4,
. D ¢6 1ai cao nhit, xf nghi¢p cin lap
phuong dn san xudt cdc san phdm I va
Mitheotile 4: 1

-l<x<l;x>1.

§5.
1a) 5x% =3x+1>0, Va;
b) 2% 43x+5>0 kh1—1<\<;-
222 +3x+5 <Okhix < -1
5
hoge x>
2
©) 2 +12x+3620, Va ;

d)(Z\—S)(\+5)<0khi—5<\<;;-
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3
(2x=3)(x+5)>0khix<-5; \>;-

3. a) Vo nghiém ;
4

b) -1<

o \'<4§:*2<\'<;‘4:I<\<22
d)-2<x<3,

3
4 aym<1:m>3:b) 7’5<m<f|.

On tap chuong IV
L a)x>0:b)y=0;
o) lal20,vVae R ;

) %z«/ﬁ.wzo,bzo.

2. a)a, belng ddu; b a, b cing ddu ;
) a, bdi diu;  d) a, b i di.

3.(0).

4. Goi P I kh6i lugng thye cita vat. Ta ¢6
26,35 < P <26,45.

S.ax=1;b)x>1;¢0)x<1.

Vi3 -1+413
e

1)) <0<

—1-13
fo>0e KT‘E hodic

~1+413
T2

v
20 >0 x<1-+3 hoac

O<x<2hoicx>1+3;
166

20 <0 1-43<x<0 hosic
2<x<l+43.

b) Nghiém nguyén ciia bt phuong
trinh 14 x = 253 : 4 ... hogie

12. HD. Xét déu bi¢t thirc
2=+ 3 - -ab%P.

14.(B) : 15. (C) 5 16.(C) : 17. ().

CHUONG Vv

sl

2. b) 43,3% 3 56.7%

§3.

1. 1170 gid : 31 em.

2. 6.1 diém ; 5.2 diém
Diém trung binh cong cila 16p 10A cao
hon, nén ¢6 thé néi hoe sinh cia 16p
10A ¢6 ket qud 1am bai thi cao hon.

3. C6 hai mét 1a

MY =700 nghin déng ;

M =900 nghin déng.
4. S8 trung vi M, =720 nghin déng.
5. 38,15 ta/ha.
§4.

L sy =1205 5, 11 gy

s2 %8455 ~92cm.

2. a) Diy 6 licu vé diém thi ciia 16p
10Cc6

T 7,2 diém

~13: s, ~ 1,13 diém.




DAy s6 li¢u vé diém thi ctia 16p 10D c6

Fa72diém; 522085 5, ~ 0,9 diém.

b) Diém s6 ciia cdc bai thi & 16p
10D déng déu hon.
3. ) Nhom cé thit 1 ¢6 ¥ = Tkg :
k;

nhém cd thit 2 ¢6 ¥

b) Nhém ¢ thi 1 ¢6. \:“ =0,0425

nhom ¢ thr 2 ¢6 s> =0,064

) Nhom c4 thif 1 ¢6 kh6i lugng dong
déu hon.

On tap chuong V

3.¢) T %2 (con); M, = 2 (con):

M, =2 (con).

s

) Nhom ¢4 thif 1 ¢6 T = 648 (gam) ;

52433215, ~5.76 (gam),

Nhém ¢ thit 2 ¢6 ¥ ~ 647 (gam) 3

~ 481 (gam),

Nhom ¢4 thit 2 6 kh6i higng ddng
déu hon.

34 087 500 d6ng ;
M, =21 045 000 déng.

2) M6t 12 méu 1.
7.(0):8.(B)39.(0): 10. (D) ; 1. (A).

CHUONG VI

sl
2. 2)03142rad:  b) 10036 rad ;

63 rad 5 d) ~2,1948 rad.

o~

3.2 10%; b) 33°45';
©) ~114°35'30" 5 d) 42°58'19".

4. a)4,19 cm ; b) 30 em 5 ¢) 12,92 cm.

n
7. sdAM| =-a+k2n ke Z 5

dAM, =n-a+lomke Z;

o~
SAAM, = a+n+RnkeZ.

s2.

N ¥ W7
4. aysina= L ang = 2L
13 4
ot 4
O s
W7
b) cosax 0,71 ; tanarx 0,99 ;

cotar = 1,01.

) cosar

2 a=km ke Z;
b a=Qk+hn ke Z;

a=Zikn ke Z;
2
4 a:§+k2n.ke z;

o n=—§+k2n.ks z;

0a=kn ke Z.
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2

1. a) cos225° = 5 ; 5in240° =

3. 3
$ 7. a) 1 - sinv = 2sin’ (f
7

: -
b) 1+ sinv = 2sin’ [

cot(-15% = 243 ;
an75° = 2443
7n_ 20443
2 4

b) si
) sin

m,-[,i): Padh
12

4 8. A= tan3x.

€)1+ 2cost = 4«m(3+%)us(

d) 1- z‘.n\—4a»[l+ >
22

13n

T 2. On tap chuang VI

16 G

| 2-1); 1
2.a)z(3 1], sodl; w-bs

©) cos(a+b)= 2 25 4
Y5 N

) 6+4V5

sina—b)= ——==" 4. @) tan’a ;  b)2cosa ;
3. a) sina sinb ; o -cota;  dysina.

¢) cosa sinb.
a) sin2a = 0,96 ; cos2a = 0,28 ;.
tan2a ~ 3,43

=~

119 9.(D);10.(B); 11.(C); 12.(D) ;

b) sin2a= —%, cos2a=—1 13.(C) ; 14. (B).
0

12
tan2a= 5+ ON TAP CUBGI NAM

1- Cau héi

3 v\s[%‘z}u[S:oﬂ.

17

. 2 14 2 s —
6. sina =25, cosa o 4 M>g
o, i 5. 32000 53000
sina = » COS@=——r- 5
6 6 Vi 2 <-“, :(Zi)ll‘()() <(3,)|0(() 3
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1l - Bai tap

1

BEVIERRIN

b)A\B=[3:4],
R\(A\B) = (-;3) U (4 ; +x).

b) S=x; +x, =dm,

P= 9m-17 ;

9y, + 3y —4)? ~163,x, =

©) m=1 hogc m=

sy D=152;-2).

o

o

a)f))>0khi xe(—0;-2) U(l:

f) <Okhixe (-2 1).
b)A(=2:0),B(1;6).
a=-2;b=0sc=

©) tan(x—15%)cot(x +15°) .
22:6)9

+0)

hoac .

9
. a) tan2a 3
b) sin’a.
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Thuat ngir Trang Thuat ngir Trang
Bing bicn thién 36 Cong thite nhan doi 150
Bing phan bd tan s0 111 134

111 134

Béng phan bs tan s6 va tan 11
sudt Diém cudi cua cung, 134
Bang phan bd tin s6 113 lugng gidc
ohép 16p Diéu kién can 6
Bang phén bé tan suat 113 7
ohép 16p : 6
Bing phan bs tan 56 va tan 113 Diéu ki¢n cia 81
suiit ghép 16p bat phuong trinh
Bing xét diu 90 Diéu ki¢n cla phuong trinh 54
Bit ding thic 74 Poan [a; b] 17
Bt dang thic h¢ qua 74 D6 thi ctia ham s6 34
Bit ding thitc twong duong 75 DG lech chudn 126
Bit phuong trinh in v 80 D chinh xéc cia mot 6 20
Bt phuong trinh bac hai 103
mot dn 116
Bit phuong trinh bic nhit 95 Dudng gdp khic tan s6 17
hai dn Pudng trdn dinh hung 134
Biit phuong trinh twong 82 Dudng tron luong gide 135
duong _ i ham s6 £ tai x 2
Bi¢n s6 32 4 tri dai dicn cia 16p 116
Bicu d6 LuE) Giai bit phuong trinh 81
Bicu d6 tan s6 hinh cot 117 Gidi hé bit phuong wiah 31
Bicu d tan sudt hinh cQt 115 Gidiva bien luan 5
Bicu d6 hinh quat 117 phuong trinh
Cong thifc cong 149 Giao (ctia hai tap hop) 3
Cong thitc bi¢n déi tich 151 Gid tri lugng gidc clia cung 141
thanh téng . Goc lugng pidc 135
Cong thite bicn déi tong 152 7
thanh tich )
Cong thic ha bac 151 B




Thuat ngir Trang Thuat ngir Trang
[ Ham 6 bic nht 39 Nita khodng. 17
37 Phin b (ciia B trong A) 15
32 Phép bicn ddi twong duong 55
Ham s6 cho ba d(y 33 phuong trinh
Ham s6 cho bang cong thitc 33 Phép bi¢n ddi twong duong 82
Ham s& déng bién (tang) 36 bt phuong trinh
Ham s6 han, 40 Phuong sai 124
Ham 56 16 37 Phuong trinh bac hai 58
Ham s6 nghich bién (giam) 36 Phuong tiinh bac nhat 63
Ham s6 y = |+ 40 ai 4
H8 bt phuong Sinh A x T Phuong trinh bac nhat 58
—P—Li phiong tinh bic % Phuong trinh h¢ qui 56
ohit hai gn Phuong trinh &n x 53
HE hai phuong trinh bic 6 Phuong trinh nhidu én 54
nhit hai dn Phuong trinh twong duong 55
HE ba phuong trinh bic 65 Radian 136
nhdl ba dn Sai s6 tuyét déi 19
Hi¢u (ctia hai tap hop) 14 Sai s twong d6i 21
Hop (ctia hai tap hop) 14 SG trung vi 121
Khodng (a ; b) 17 S trung binh con, 119
Ki higu V va 3 i ‘Tam thiic bac hai 100
Menh d& 7 Tan s6 110
Menh dé dao 7 Tén s6 cua 16p 12
Mgcnh dé chifa bicn 4 Tin suit 111
Meénh dé kéo theo P = O 6 Tin sudt cha 16p 112
Ménh dé phit dinh 5 Tap hop (tap) 10
Mién nghi¢m ctia bit 95| | Xiphop bang nhau 12
phuong trinh bc nhat hai &n Tap hop con (t4p con) 11
Mot 121 Tap hop rdng (tap rong) 11
Nghiém cia bat phuong ) Tap xdc dinh clia ham s6 32
trinh ‘Tham s& 54
Nghi¢m ctia hé phuong trinh 65 Tryc c 141
Nghi¢m ctia phuong trinh 65 Tryc cotang 144
nhidu dn Truc sin 141
Nghi¢m ngogi lai 56 Truc tang 144
Nhi thite bac nhit 89
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MUC LUC

Trang
Chuong 1. MENH DE. TAP HGP

§1. Menh aé 4

§2. Taphop 10

§3. Cic phép todn tap hop 13

§4. Cdc tap hop 6. 16

§5. S8 gdn ding. Sai s6 19

On tap chuong T 24
Chuwong I1. HAM SO BAC NHAT VA BAC HAI

2

39

42

On tap chuong I1 0

Chuong 11I. PHUONG TRINH. HE PHUONG TRINH
§1. Dai cwong vé phuong trinh
§2. Phuong trinh quy vé phuong trinh bac nhat, bac hai
§3. Phuong trinh vA hé phuong trinh bac nhat nhiéu 4

On tap chuong 111

Chuong IV. BAT PANG THUC. BAT PHUONG TRINH
§1. Bit ding thic
§2. Biit phuong trinh v h¢ bt phuong trinh mot dn
§3. D ciia nhi thic bac nhit
§4. Biit phuong trinh bic nhat hai dn s
§5. Diu clia tam thitc bac hai 100

On tap chuong IV 106
Chuong V. THONG KE
§1. Bing phan b6 tan s6 v tdn sudt .. .10
§2. Bidu do. 115
§3. SG trung binh cong. SO trung vi. Mot.. 119
§4. Phuong sai va d0 1éch chudn 123
On tap chuong V 128
Chuong VI. CUNG VA GOC LUONG GIAC. CONG THUC LUONG GIAC
§1. Cung va géc lugng gidc 133
§2. Gid tri lugng gide cia mot cung .. .141
§3. Cong thitc lugng gidc 149
On tap chuong VI 155
On tap cudi nam 159




